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Contracts  Kt  33(03B)-1(AOO  sal  AF  lS(6uu)-129.  Bils  project  ass  initiated 
by  the  Aircraft  Isboratarx,  Brl^t  Air  DereXopae't  Center,  and  was  ad- 
■InlsteRd  by  Major  R.  L.  Cy,  Lt.  M.  Ipsteln  mad  Nr.  I.  I.  Spielberg  of 
the  Dynaales  Branch  of  the  Aircraft  Inboratory.  Xhe  work  on  these  con- 
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Sdbsonlc  flutter  eeleulatloM  cm  the  btels  of  a variety  of  aero- 
dyoaBle  them^ea  are  xarea^ited  for  nine  nodel  vixga.  The  aerodyaaMle  theories 
alloyed  tnelnde  tso-dlaenalaBtl  strip  Uieory,  tao  variants  of  a proeedure 
suggested  by  Ifassenan  (Ref.  l),  the  single -lifting-line  theory,  and  the 
doohle-llftlag-llne  theory,  dll  save  the  first  include  corrections  for  the 
effects  of  finite  span. 

X^perlnental  flutter  speed  and  frequency  data  are  available  for  all 
nine  vlags.  The  vlngs  are  of  the  unlfom  variety,  have  noderate  to  large 
aspect  ratios,  and  range  In  seeephack  fron  0*  to  Both  seal -rigid  and 
elastic  cantilever  vlng  nodels  are  included. 

A cmperlmoa  of  the  calculated  and  expertisental  flutter  speeds  leads 
to  the  eoaeluslon  that  tuo-dinensional  strip  theary  should  presently  be  used 
in  the  design  office  for  the  flutter  analysis  of  asswept,  or  sli^tly  svept 
wings,  tar  sharply  swept  wings,  the  studies  indlnate  that  the  alngle-liftlng- 
Une  theary  holds  aost  proalae  for  accurate  flutter  epeed  predictioe.  lone 
of  the  theories  appear  to  predict  the  flutter  freqaencles  with  satlafsetory 
cooaletencir. 

In  addition  to  a description  of  the  Buserous  flutter  ealeuletlons, 
the  report  contains  sn  outline  of  the  sli«le-and  donble-liftlng-Ilne  theories, 
and  of  the  Uasseraen  aetbod.  The  foraer  two  aerodynealc  treataents  were 
develxiped  taring  the  eonrae  of  the  ]?resent  progrwn  and  nre  efforta  to  devise 
a rational,  finite  epan  theory  for  the  osclUatiig  wing. 
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A(#»,b),  B((p,b) 


bj_,  bg 


B . B(y),  bA  . bA(y) 

®1»  *2»  ®3 
C(k)=  P(k)+lG(k) 
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Kb),  Kk5) 


« see  Bq.  (2>ll). 

> aapect  ratio  of  wing  aodel  plus  iaage. 

> integrala  related  to  the  incomplete  Cicala 

function.  See  Xq.  (ZI.12).. 

> local  wing  aeal-ebard,  ■eaaured  parallel  to  direc- 

tion of  flow.  Alao  uaed  in  a general  diaeuaslon 
in  Ai^endix  H to  dealgnate  either  b^  or  bg  . 

aee  Eq.  (U.9). 

s ving  aeai -chord  at  reference  atation. 

s apanviae  rariatiOB  of  the  wing  pitching  amplitude 
and  pi  tinging  am>l  t tialr  at  the  fomard  quarter- 
chord  line,  reapeetlTcly . 

s aee  Xq.  (2.38) . 

a:  neodoraen  circulation  function . 

> ving  lift  coeffieieot  alppe . 

> aee  Iq.  (H.IO)  . 

« dlatance  elastic  azia  Ilea  to  the  rear  of  the 
quarter-chord  divided  by  aesl -chord . 

> auperscript  eaployed  vltb  notatloo  for  domwaah  to 

dealgnate  that  doaiwash  ia  effective. 

« real  and  laaginary  parts  of  clrealatloa  function, 
respectively.  A sidbscript  3 refers  to  three- 
diaensiooal  flov. 

- the  complete  Cicala  function,  aee  Xqs.  (II.3,  11). 
The  real  and  isnginBry  parts  are  notated  Pg  and 
Pj  , respectively. 
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« ai^erserlpt  c^plngred  vlth  notation  for  aamanah 
to  designate  tkat  dommsh  la  geoaetrle.  Alao 
need  in  place  of  g^^  or  gg  . 

«1,  Kz 

. see  Kq.  (n.9}. 

« 

1 

.W.  .(,) 

« daafflnfl  factor  in  vlng  bendii^  and  taraioa  aode, 
respectively. 

, G(u) 

. see  Sq.  (2.37). 

Otb) 

. see  Bq.  (n.ll). 

_(2)  _{2) 

* "I 

. ludwl  fbactioos  of  second  kind  and  order  aero  and 
one,  respectively. 

i «»?) 

. see  Bq.  (n.6). 

' 1 ' 

> ving  Bass  BOBHit  of  Inertia  per  unit  spsa  about 

elastic  axis. 

1 

1 

> laaginary  unit. 

' k 

M redneed  frequency  « Ub/V. 

r 

r 

- aee  Bq.  (n.9). 

N 

« Mach  Bo. 

i 

1 

^*"c/k 

s Vlng  lift  and  nose-i^  Boaent  about  the  fonard 
quarter-cbord  point,  each  per  unit  span, 
respectively. 

n 

> aass  of  ving  per  unit  span. 

> 

s letter  used  to  designate  nuiber  of  borseshoe  vortices 

* bound  vxBTtlcitp  eoereetion  factor  used  la  single- 
llfting'llne  and  dodble-lifting-line  theory, 
respectively. 

Po'  Pi’  ^C’  ^1'  ^0’  Pi 

> see  Bq.  (2.?),  (2.9)  and  (2.10). 

P>  Q » siteeripta  and  ai^erscrlpts  iised  to  denote  Itens 

relating  to  vlng  bending  and  vlng  torslac  degrees 
of  freedoa. 
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. iiibtcrlpt  ae*lg»ting  ® wrtex. 

■ 

« ate  *q-  {n*2)  • 

«m««4  ^ direcUoa  of 

flo».  *l»o  » B«b«crl?(t  toooUBg  a polat  at  i*lek 
4oiiimA  la  aatlafiaA* 

s 

maa  static  aAalane*  per  tmit  apaa,  poaiUee 
“ ^ ISTof  gravity  Ua.  aft  of  the  el^Oic 

azta. 

t 

, tiae  eooeiloate. 

U,  V 

X aee  Bi-  (II-9)  • 

't 

X mis  atraea  Telocity, 

X axperiaeatal  and  calculated  flatter  speed,  respec- 
tiaely. 

% 

X win*  .peed  corrected  for  Bactfc.  and  used  In  Y-« 

diagraaa. 

. experlaental  and  calcolated  reduced  flutter  welocity, 
reapectieely . 

Yw„ 

X »eroap«lc  infltience  ^Iclent  relating  the 
inteaaity  of  the  eortex  to  the 

the  .^dowBwasha*tl«#«tloa  point.  B>r  precise 

« (U)  w etc.,  see  p.  20. 

definitions  of  V w^  , » , 

^,{e)^tf<8) 

„(i) 

X effecUre  tod  fjeoKtric  dostoash,  reaptotirely. 

X finite  aspect  raUo  InteUoo  doOTwash. 

„(e)  „(*) 

■l  > "2 

X effecUwe  dowwart*  at  re*”  ,-rter-chord  point  »d 
■IdMdtod  point,  reapeetlwly. 

y,U)^  H^W 

X ^tnc  downwash  at  nid-chord  point  and  rear  f«rter 
clsjrd  point,  reto«etlTtly. 

„(«)  «w 
*'*  ' » 

X geo«trlc  and  theoretical  dowiwash  of  the  wing  at 
point  a , respectlrely. 
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* ilmniMili  veloet^tles  due  to  3f^  mke  only  at  aid- 
tiaord  aad  rear  quarter-dxard,  respeetieeljr.  k 
ai^perecrlpt  e or  g ■am  that  itowaiart  ia 
effective  or  geouetrie,  reepectlvely. 

■ iViwarti  InflmmBe  eoefflelcst  relating  ttae  iatenaity 
at  the  r—  vortex  to  the  doenimab  at  tlie  a^  doan- 
uuh  mtiafaction  point. 

a geouetrie  dowiareah  of  wing  at  1/2  chord  line  and 

chord  line,  reapeetlvely,  each  at  atatioa  a. 

s indneed  dowsaeah  on  the  wing  at  the  root. 

. indneed  domamah  at  root  ariaing  froa  intenaity 
P of  horseehoe  vortex. 

« aee  1;.  (U.l)  . 


E rearaard  coordinate  In  the  atreaa  direction. 

E non-diaenaiooal  rearward  coordinate  with  origla 
at  aid-chord. 

s dixtaaee  the  point  a liea  behind  the  vortex 
(in  the  atreaa  direction} . 

> apaealae  coordinate,  poaltlve  to  the  rl|^ . 

E dlataaee  the  point  a liea  to  the  right  of  the 
ald-apan  of  vortex  P,.  • 

E domaaeb  diaplaceaent  of  the  wing . 

E wing  eagle  of  attack . 

E Knlerian  constant  (see  Appendix  H)  . 

E circnlatlon  at  a spanwlee  station  aaaualng  three- 
diaesslonal  and  two-dlaenaicnial  flow,  respectively . 

E ■o-diaenalonal  clrculatloe  at  reference  station . 

« spanwiae  distribution  of  the  bound  vortlclty . 
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« Intensities  of  discrete  vortices  end  ^2  » 
respectively,  used  In  two>liftlng-llne  theory, 

*-8-  Fl  • hV  . 

> intensity  of  boand  vorticlty  of  r***  vortex. 

. distance  frtxs  the  bound  vortex  aid-span  rearward 
to  tiie  wing  trailing  edge  divided  by  the  local 
seal -chord. 

m seal -span  of  a horseshoe  vortex. 

s duHy  variable  of  Integration. 

a see  Sq.  (2.3^). 

> circular  freqaeney  of  wing  oscillation. 

m expeiiaental  ud  calculated  flutter  frequency, 
respectively. 

m circular  frequency  of  wing  bending  and  torsion 
node,  respectively. 

a chorArlse  preasure  distribution. 

a aass  air  density. 

a a paraaeter  defined  by  x a -cos  0.  Also  a pbaae  angle. 

a angle  of  sweep. 

a rearward  coordinate  denoting  distance  froa  quarter- 
chord.  Also  aaed  to  denote  distance  behind  the 
trailing  edge. 

a locatloo  of  discrete  vortices  ^2  ^ 

lifting-line  theory. 

a rearward  coordiaates  with  oziginB  at  discrete 
vortices  and  • respectively. 

a see  Eq.  (n.^)  • 
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1.  Aa  iU  Qrl«iml  bbjecUve,  thU  program  aimed  tOHard  an  evalua- 
tion of  tbe  accuracT  of  a method  propoaed  by  L.  S.  Wasaerman  for  accoonting 
for  finite  aapect-ratlo  effecta  in  flutter  caleulationa . Bouever,  aa  the  pro- 
gram progreaaed,  certain  original  aerodynuic  contributiona  mere  made  by  tbe 
autbora,  in  the  form  of  ODe-llfting-line  and  tHO-llfting-line  theories  for 
ealsnlatlon  of  tbe  loadli^  of  oaeiUatlng  airfoila,  and  thla  iiork  uaa  incor- 
porated in  the  over-all  acope  of  the  project. 

Thia  report  deacribes  the  aigilication  of  these  aerodynamic  theories 
to  Bine  ving  flutter  models,  for  Uhich  experimental  flutter  data  ere  available 
for  eoacmrison  vlth  the  theoretical  predictions.  Because  of  the  program  history, 
all  nine  vlngs  uere  not  analyzed  by  all  tbe  theories;  however,  sufficient  eal- 
culatloes  were  performed  to  permit  preliminary  appalaal  of  the  accuracies  of 
the  various  proposed  design  techniques. 

2.  Ibe  wine  wings  selected  for  analysis  all  were  to  flutter  in  a 
fundamental  wing  beading  - fundamental  vii^  torsion  mode,  and  none  of  the  models 
were  equipped  with  control  sioTaces.  Tbe  reasons  for  this  aeleetlotn  are  evident: 
1b  begin  with,  additional  refinements  most  he  introduced  in  the  aerodynamic 
analysis  to  permit  treatment  of  wings  with  discontinuous  caaber,  as  are  Intro- 
dnced  by  eonventicfial  control  surfaces.  Altbou^  the  direction  of  such  refine- 
ments is  known,  the  additional  increase  in  eo^sutatlonal  cc^lexity  is  hardly 
warranted  for  this  prelirnlnary  appraisal  of  the  theories. 

Secondly,  the  comparison  of  calculated  and  measured  flutter  speeds 
can  be  used  as  an  index  of  the  excellence  of  a particular  aerodynamic  theory 
only  if  tbs  elastic,  inertia,  and  damping  proparties  of  the  wings  are  known  with 
conalderahle  accuracy.  least  difficulties  in  these  pbsses  of  tbe  calculation 
are  eaeountered  when  fundamental  bending  - fundamental  torsion  flutter  modes  are 
employed.  In  this  canneetion,  care  was  exercised  to  insure  that  the  higher  wing 
bending  and  taralon  nodes  were  well  separated  from  the  fundanantal  pair;  for 
wing  Bo.  bouerer,  thla  requirement  was  not  met,  tbe  wing  being  tested  after 
tiK  calculations  were  started. 

3.  In  tbe  later  sections  of  the  report,  a description  of  the  Midwest 
Besearck  Institute  aerodynamic  theories  is  given.  An  outline  of  the  Hasserman 
method,  esaentially  following  his  original  presentation  (see  Bef . l),  is  also 
Inrlnded  as  ^pendlx  I.  Ihe  various  flutter  analyses  are  then  described  in 
detail,  and  prelimiaary  design  conclusions  and  recomaendstUns  are  drawn. 
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As  aa  Bddlti<»Bl  aid  In  appralatag  the  writs  of  the  tlalte-spen 
theories,  flutter  calcttlatlaiis  were  also  perfoswed  by  conenUonal  ”strlp* 
theory,  e^loying  the  tao-dlaensional  air  forces,  as  described  in  Befs.  2 and 
13.  OoBclnsions  are  presented  regarding  the  suitability  of  using  tso-diaensiaoal 
strip  theory  analyses  la  practice. 


1.  wtBms  ra  cAicauaioi  or  tbe  Apoonmoc 
Lomns  <■  oacnutpc  Amons  bi 
ipmc-ui  Twanaap 


A.  atwle-Uftlag-Liae  Madel 


1.  She  theoretical  basis  for  the  single  lifting-line  tedailqpie  for 
calcnlatlng  the  aerodynanic  loading  on  an  oscillating  airfoil  is  described  in 
detail  la  a recent  research  paper  (see  Bef.  k).  In  essatce,  the  reasoning  is 
based  on  extension  to  the  aaciUatory  ease  of  the  ideas  eaployed  by  Heisslnger 
when  analyzing  steady-state  wing  loading. 

one  principal  cleaents  of  the  theory  are  aa  foUows: 

a)  It  is  assisefd  that  the  cbordsiae  pressure  dlstributlaa  at  each 
wing  station  reaaias  essentially  the  saae  as  that  encountered  la  taD-dlnensloaal 
flow,  fhos,  the  local  eenter>of -pressure  is  at  the  forwrd  qaarter-chord  point 
of  each  wing  station. 

b)  lb  calculate  the  spanslse  distrihstlon  of  wing  circalatlon,  the 
actual  wing  is  first  replaced  by  a concentrated  line  eortez  wbl^  raas  along 
the  forsard  quarter-chord  line  of  the  wing,  far  a wing  station  ahere  ti>e  actaal 

bound  clrculatian  is  F*  and  the  local  reteed  fraqnency  is  h , the  line 

eortez  is  arbitrarily  assigned  an  intensity  ne*^^3/2)k  J’ , 

Bere  ae^(3/2}k  ^ ^ factor  which  eaases  the  drenlatloa  prediction 
froa  the  present  single-liftlng-line  theory  to  correspond  precisely  with  that 
froii  the  exact,  Iheodorsoi  theory  for  the  oscillating  wing  of  infinite  a^ect 
ratio.  The  factor  a > n(k)  is  a function  of  the  local  reduced  fteqaency  miy, 
and  is  given  in  tabular  and  plot  fora  in  ttble  1 and  Fig.  1,  respectively. 

c)  ¥ith  the  bound  vortlclty  accounted  for,  it  is  no*  necessary  to 
construct  the  sssoelsted  wshe . This  is  done  in  the  f011awli«  fesMon:  Itae 
intensity  at  a point  btidnd  the  actual  wing  Is  deduced  on  the  fc— of  the  eaeet, 
snrfue-losdlng  theory  for  an  oseiUntlng  airfoil  (see,  for  exHi^,  lefs.  5,  €). 
Bils  fixes  the  wtke  intensity  at  each  point  briiind  the  trailing  of  a partien- 
lar  station,  and  located  e distance  ^ fTon  the  local  qurter-durd  of  the  ata- 
tient. 
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VAUQBS  or  rm  vacnm  n(k}  por  variods  k 
(soGU-umK-uaB  iborx} 


Ii(k)  - e‘“/*(frk/2)  i4*^(k)  - ♦ Ike'^  [i  W/2  ♦ ISl(k)  ♦ 


k 

B(k) 

0 

1.0 

0.05 

0.9995  * O.0096i 

0.10 

0.9^  * 0.019U 

0.15 

0.9951  + O.oaSki 

0.20 

0.9905  + 0.03761 

0.30 

0.9771  + 0.05641 

O.kO 

0.9554  ♦ 0.07721 

0.50 

0.9250  + 0.10241 

0.60 

0.88^  + 0.13501 

0.80 

0.7816  ♦ 0.23581 

1.00 

0.6579  + 0.40731 

umc  s ^-29 
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■car,  tar  the  single-Uftlm-liae  vlng  ■otel,  the  wke  Intensity  at 
a distance  S behind  the  bound  etxrtez  Is  kept  at  precisely  the  saae  value  as 
la  the  correspondlnK  location  at  the  aetaal  wing,  thus  If,  } Is  the  vector 
aake  Intensity  of  the  actual  wing,  and  1*(  f ) is  that  for  the  nodel,  V{f  ) > 

ft5)- 


Finally,  for  eo^putatlooal  eoaaealence,  the  lifting-line  nodel  sake 
is  not  started  at  the  trailing  edge  location,  but  Is  Instead  arbitrarily  ex- 
tended foraard  to  the  bound  vortex  itself.  In  the  stream  direction,  the  aake 
oseinates  with  fregaency  k ; this  oscillatory  daraeter  is  simply  eontinaed 
foraard  in  the  regioa  between  the  guartesr-chord  loeatlcm  and  that  of  the  trail- 
ing edge. 


It  should  be  particularly  noted  that  the  wake  intensity  behind  a given 
wing  station  depends  only  on  the  value  of  the  boimd  circulation  at  that  station, 
and  is  not  dependent  on  the  bound  circulation  at  other  wing  stations . the  wake 
eonstructloo  is  thus  sii^le  and  direct. 

d)  tilth  the  bound  and  wake  vortieltles  thos  defined,  it  is  evident 
that  the  total  downsash  at  any  point  on  the  actual  wing  planform  can  be  fomally 
calculated  in  a straightforward  aanner.  Pur  the  single -lifting-line  theory, 
this  is  done  along  the  rear  gnarter-ebord  line  of  the  actual  wing  planfora.  tar 
a given  vlng  geometry,  and  for  a given  oscillation  fregueney  u)  and  air  speed 
f , the  downsash  at  a particular  point  on  this  line  depends  on  the  function 
T'Ct)  • oo  spanwise  distrlbutiaa  of  the  bound  vortleity. 

fbr  the  single -lifting-line  theory,  it  is  propoaed  that  the  total 
velocity  calculated  in  the  manwr  Just  described  be  set  egasl  to  the  geometric 
dowwash  along  the  rear  guarter-cbord  point  of  the  actual  wing. 

In  analytic  terms,  this  regulremest  results  in  sn  Integro -differential 
egeation  defining  the  functlxm  f* (y)  . Kr  detalla,  nee  the  diseusslon  in 
■ef.  U. 


e)  After  the  distrihotlop  of  bound  vortleity  is  calculated,  the  lift 
and  pitching  moment  acting  at  each  wing  atation  is  determlaed  on  the  basis  of 
the  eorrespooding  ei^resslons  fkom  the  exact,  two-dlaensimaal  wing  theory,  this 
is  in  accord  with  the  aaauqption  outlined  in  (a)  shove. 

■ote  that  if  this  proee<!*ire  Is  followed,  the  eireulstory  lift  and 
moment  are  eorreeted  for  aspect  ratio  effeets.  However,  the  qparentHwss  terms 
remain  uneorrected,  sad  are  those  from  tsD-dlmenaionnl  thecnry. 


2.  Ibe  earlier  diseusaion  ontliaes  the  fOraal  aspects  of  the  «»- 
lifting-line  theory,  and  it  is  nor  of  interest  to  Invcstigste  bow  the  theory 
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euk  be  orgutlted  Into  • praetleal  eelealation  aebne.  fniaile  ia  to  be  plaeeA 
on  ^ iMnaung  of  vlaga  of  azbltnonr  plnaform,  liKilnatag  bottt  voneiit  u& 
nept  vings,  maA.  viiigs  vltb  either  atml^  or  curw&  ^pMprtar-  ud 
ter  chord  lines. 

Id  icwpllnb  this,  the  ^proadi  used  by  Mederl^  (Bef . T)  and  others, 
in  studying  the  stesdy-stste  loading  of  thin  wings,  is  ezbaided  to  the  osell- 
Isting  sirfoil  ease.  Ibis  ecuisiats  of  essentially  wplaciag  the  cootiaxiiis 
wli«  Torticity  distribution  by  s series  of  narrow-span  horseshoe  wortiees,  each 
placed  side  by  side,  and  each  seai-inflaite  in  length  in  the  dawnstreaa  direc- 
tion. A seheaatie  representation  of  tte  harseshoe  wortez  pattern  is  sboHi  ia 
Fig.  2.  lote  that  the  sid-ipan  of  the  leading  edge  of  eaA  harseshoe  wortez 
is  situated  on  the  forward  (piarter -chord  line . If  qpon  of  each  horseshoe 
Is  ssde  sufficiently  sasU  in  caparison  with  the  airfoil  span,  the  errors  dee 
to  tills  horseshoe  approzlastion  of  the  eontinoue  wortieity  distribution  will 
be  sssll. 


Ihe  construction  of  eseb  horseshoe  wortez  for  the  oacUlsting  esse  is 
considered  in  detail  in  Bef . h.  Kr  eoegntatlonel  eonwenicnce,  the  ^en  of  ell 
the  horaestaoe  wortiees  are  kept  equal,  and  the  bound  wortieity  is  kept  of  eoa- 
atant  intensity  across  the  span  of  eadi  horseshoe. 

If  the  wlig  is  Bade  vq)  of  a horseshoe  wortiees,  then  the  problem 
of  deterslning  the  wli^  Inading  beecaes  that  of  ewalnstlng  the  a walues  of 
bound  wortieity  for  the  harsesboes.  to  seeo^tUah  this,  a downmsh  coaditions 
St  discrete  points  can  be  satisfied.  Siese  a points  are  dioaai  at  the  inter- 
section of  the  rear  qaarter-ebord  line  of  the  wing  and  the  ■ lines  definli« 
the  ald-spsn  of  each  horseshoe. 


2? 

r i«)t 


span 


In  particular,  aiqipose  tiat  the  a horseshoe  wortiees  sacb  hswe  s 
, and  that  the  r^  wortez  has  an  Intensi'^  of  bosnd  wortieity 


She  positiwe 


fbr 


is  shown  by  tte  snows  la  Fig.  2. 


■ow,  let 
of  the 


Vw^  be  the  serodmnalc  Inflapoce  eoefflelsat  relating  the  intensity 
r^  wortez  to  tie  ilnimwsti  si  tls  a*^**  ikiiiiassTi  aatlsfsetlon  point. 
Ban,  the  total  dawisaali  at  the  s&  point,  das  to  the  eatirc  borseChoe  pattern 
for  the  wing,  la 


-rs  T;  (2.1) 

r.1 


and  this  ust  be  set  equal  to  the  geoaetric  downsasb  of  the  wing  at  point  s , 
l.e.. 
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can  be  arsualxed  Into  ■ jraetieal  calculation  aelnne . laphnata  ia  to  be  placed 
OB  tte  t»wanne  of  sf  aibltrBi7  planfoni,  Incladlng  botb  an— iipt  and 
mept  vlnea,  and  Hinge  *1^  ettber  atraigitt  or  ennred  gaarter-  aad  tluree-^par- 
ter  chord  Usee. 

1b  accoaftliah  tUa,  the  qproaeh  naed  bp  Dlederlch  (Bef.  T)  and  others. 
In  stodylng  the  steadp-atate  loading  of  thin  vUga,  is  eztaided  to  the  oacU- 
lating  airfoil  case.  Us  eonslsta  of  esscstlallp  replaeing  the  eontiiiuotts 
vlng  eorticltp  diatrlbation  bp  a aedes  of  aarrov-span  horseshoe  nortiees,  each 
placed  side  bp  side,  and  each  seai-lnflnlte  ia  length  la  the  danaatceaa  diree- 
tlon.  A scheaatic  repreaentation  of  the  horseahoe  vortm  patten  is  shown  in 
rig.  2.  lote  that  the  ald-epan  of  the  leading  edge  of  each  hon^hoe  vortex 
is  sltoated  on  the  feemtd  qoarter-ehord  line.  If  the  gpan  of  ea^  boraeshoe 
is  ande  -uffleientlp  anil  in  ccaparlson  with  the  airfoil  the  errora  due 
to  horseahoe  epproxtantlon  of  the  eoBtlsBoos  vortieitp  diatrlbation  will 
be  anil. 


The  eonetroetim  of  each  horaeritoe  vortex  for  the  oscillating  case  is 
eonaidered  in  detail  in  Bef.  A.  tar  coiqiatathunl  convenience,  the  qwn  of  all 
the  harseehoe  vortices  arc  kept  eqnal,  and  U bound  vortieitp  ia  kept  of  con- 
atant  intensitp  across  the  qian  of  each  horseahoe. 

If  the  vlng  is  ande  of  ■ horsetiioe  vortices,  then  the  prOblea 
of  deteralnlng  the  wing  loading  becoaea  that  of  evaluating  the  ■ values  of 
bound  vortieitp  fw  the  horseaboea.  3b  arwagilleh  this,  m downweah  conditions 
at  discrete  points  can  be  satisfied.  These  a points  are  chosen  at  the  Inter- 
seetiaB  of  the  rear  9asrtcr<efaord  line  of  the  wing  and  the  a lines  defining 
the  ald>span  of  each  horseshoe. 

In  particular,  aijipoae  that  the  a horseahoe  vortices  each  have  a 
span  2/|‘  , and  that  the  vortex  has  an  intensitp  of  bound  vortieitp 

. The  positive  sense  for  is  shown  bp  the  arrora  In  Fig.  2. 

Bow,  let  be  the  aeiodpHaaic  influence  eoefflci«t  relating  the  intaisitp 

of  the  rl^  vortex  to  the  donwash  at  the  a^  down^^  aatlafacUon  point. 
Ihea,  the  total  downnah  at  the  a^  point,  due  to  the  entire  honedwe  pattern 
fes'  the  wing,  is 

1^3  T;e‘^*  (2.1) 

r»l 


and  this  aist  be  set  eqosl  to  the  geoaetrlc  downsash  of  the  wiag  at  point  a , 
l.e., 
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^ ♦ V 
.3t 


(2.2) 


ubere  x Is  the  dowoMsrd  dlsplseeaent  of  the  vlng,  and  x la  a reanHid 
eoardlnate  to  the  atrean  direction. 

Xhe  result  of  eoAlnlng  Bqa.  (2.1)  and  (2.2)  is  the  ■ eqwtians  in 
the  ■ xa^nanB  Tr  > 


r«l 


(2.3) 


In  functional  tens,  it  is  to  be  noted  that  the  influence  coefficients 
i^g  depend  on  tbe  variables 

*r8  * « [k,  7 , b,  y„]  (2.1») 

vbere  z^g  la  the  distance  the  point  s Ilea  behind  the  vortex  (in  the 
stream  direction) , and  is  the  distance  tbe  point  s lies  to  the  rltfit 
of  the  nid-span  of  vortex  ^ . 

the  calculation  of  the  v^g  is  stral^htforvard  in  theory  (see  Bef.  b), 
but  entails  a conalderable  aaoact  of  co^mtational  ec^lexlty.  As  pert  of  the 
present  program,  a detailed  stody  has  been  made  of  the  mattmatical  eharacter 
of  these  aerodynamic  Inflnenee  coefficients,  and  a convenient  means  for  their 
accurate  tabulatior  has  been  devised.  Tbe  results  aS  this  study  are  outlined 
In  i^ppendix  H. 

Clearly,  if  the  slngle.>lifting-line  theory  were  to  be  eig>loyed  in  the 
design  office,  a coa^lete  tabulation  of  the  values  of  i^g  for  various  k , 
y/b  , » /rsA  wold  be  e practical  neceaalty.  (it  is  ahown  in  the 

^ipendix  that  mly  a three-pameter  tabulation  is  required.) 


3.  After  the  m values  of  have  been  determined  by  aolation  of 
(2.3)>  the  wing  lift  diatribotlon  ■oat  be  calculated.  According  to  the 
two-dlmenalcmal  theory,  the  elrenlatcary  wing  lift  per  unit  span,  positive  in  the 
dowomard  mam,  la 
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(2.5) 


i«>t 


irtiere  is  tte  Imkel  fnaeticn  of  tte  sec<»d  kiat  soft  f^t  carder,  tbis 

eireulstoo  llTt  acts  st  tiw  local  faiwra  q[uarter.cbard  line.  1b  get  the 
three^dlKasiaaBl  ctreulatarr  lift,  tte  Pj.  values  detemtsed  froa  Eq.  (2-3) 
are  substitaited  for  P ia  Eq.  (2.5).  As  ■eatioaaed  earlier,  the  non-circa- 
latory  lift  aad  pitcMag  ■owat  are  calealsted  by  tao-diaeasional  strip  theory, 
alth  no  aspect  ratio  correetioas  being  iatrodueed. 


B.  Double -Uftlne-LlBe  iiodel 


b.  As  is  evident  frca  the  prior  discussion,  the  single-lifting-liae 
theory  concentrates  on  the  deterainitian  of  the  circalstory  wing  lift  distrlbn- 
tion  across  the  airfoil  span.  Bowever,  the  theory  has  tao  asjor  shorteonings: 
first,  it  does  not  account  for  ■ovenent  of  the  local  circulatory  center-of- 
pressure  auay  fron  the  foraard  qnerter-ebord  line;  and  secondly,  it  does  not 
afford  aspect-ratio  correctioos  for  the  apparent  ness  terns  entering  into  the 
tqtal  wing  lift  and  pitching  nonent. 

At  the  tacptame  of  additional  eo^ntatlonal  coaglexity,  the  dobble- 
lifting-line  theory  is  an  attest  to  rrardy  these  shortconings  when  ealeulstlag 
aerodynaaie  wing  loadings . Ihe  following  arguaent  for  estshlishing  a two  lifting- 
line  wing  aodel  hes  certain  aspects  in  riaann  with  the  reasoning  eaployed  by 
Eolae  (Bef . 8)  and  Mnlthopp  (Bef . 9)  for  the  steady-state  ease.  Bowever,  even 
when  applied  to  a wing  in  steady-state  flow,  the  present  aodel  differs  in  its 
details  froB  the  Bnlae  discrete -vortex  ^proach.  Ha  Malthopp  aodel  does  not 
rely  on  lifting -lines,  but  on  surface  vortlclty  distributions. 

5 ■ Ha  wing  notion  at  each  spaawlse  station  y (taken  in  the  aaln 
streaa  direction)  is  assuaed  to  be  a eosfcinatim  of  pttehlag  action  and  plung- 
ing notion.  Let  B s B(y}  represent  the  spanwise  variation  of  the  wing  pitch- 
ing a^illtade,  aad  let  bA  * bA(y)  be  the  spanwise  varlstlon  of  the  plnngtiig 
mvlltude  of  the  wing  at  the  forward  quarter -chord  line.  Ban  the  instantaneous 
wing  deflection,  positive  downward,  can  be  written  as 

X = b • e^  * ^A  + (1/2  ♦ E)b}  (2.6) 


where  lO  is  the  clreulsr  frequency  of  the  wing  osclUstion;  t the  tlae  co- 
ordinate; and  'I  is  a dAaensioalesa  coordinate  local  to  each  station,  with 
origin  at  the  aid-chord,  and  extending  cbordwlse  to  the  rear  (i.e.,  puraii^i 
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to  tiw  min  strsa  dizoeUso) . Ite  vlng  tnlling  edfle  la  ot  z a 1 , and  the 
loading  edge  is  at  i > -X  . 

Ibe  doward  alng  aeloei^  ralattie  to  the  nain  atre»  la  then 

. 3i/at  ♦ (V/b)  da/dx  * » • (fo  ♦ »i  «»  ®}  (S-T) 

aheie  z a-eoa  9 , T la  the  nain  atrean  acloelty,  and 

Fq  a IkA  ♦ (1  4^  ^ B 

Fl  a - — * B 
^ 2 

abere  k a . 


6.  Ihe  aaat^ption  la  now  node  that  the  wing  aerodynaadea  can  be 
deaerlbed  In  teraa  of  ”atrlp"  theorr,  l.e.,  that  each  anall  apaMrlae  aecpent 
of  the  vlng  bdavea  aa  IF  It  vere  In  tao-dlnenalonal  flow  vlth  the  chordnlae 
doananah  velocity 


g(«)  . g(«)  . „C1) 


(2^) 


U the  geoaKtr^l  dcMnaaah  veXselty  of  the  vl^  at  the  atatlm 
eonalderatloa,  and  la  the  flnite-a»Mt>ratio  Intetlon  downaaah. 

'efrectlve”  donaaaah  on  the  wli«  la  then  . 


It  la  nov  fnrttar  aaanaed  that 
can  be  eloaely  afgroxlnated  aa 


finite -aapeet>rntlo  Indoctlca 


- [Po  ♦ ^ 


(2.9) 


■***■«  Bo  “ Po(f)  ■**  Pi  * Pi(y)  «re  fnaetlona  of  the  apanaiac  wing  coordinate 
y . Iben  the  effective  downwaab  becoaea 
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- [Pg  ♦ SP^eo*  i]  (2.1D) 


Slie  nsBIta  of  taD-dlaeocloail  tiwory  then  give,  for  the  diordifiee 
distrlbiitioB  ct  Mch  etetloe, 

n -/Of^e^*®*  jai^  cot  ^ Bin  S 4^  2*2  eln  (201) 


■j,  - C(k)(P^  - Pj^)  ♦ P^ 


•i-i- 


C(k)  is  the  sell  knoim  Ibeodarses  circiilstlon  fnnetlon  given  by 


C(k) 


^®^{k) 


^k)  ♦ Uj2)(k) 


slag  lift  per  unit  spaa,  positive  domssrd.  Is  then 


L - ./>P®e*‘*®*  ■ 2pb(ao  + m^) 

- 2»/»Ael^»  |c(k)(Po  - P^)  ♦ ^fol 


sal  the 
point  Is 


-19  sing 


(2.12) 

per  unit  span  ahOBt  the  forvard  qasrter-ebord 


WK  fS  $k.29 


- U 


i " 


‘I 

- 

'■"'IT 


. ~7tfi  ^ ag) 

. - )f A2.1«>t  |.  ^ tP„  . i P^)|  (2.13) 


7.  It  is  Qov  Of  iaterest  to  note,  fraa  Iq.  (2.10)  that 

t'o  - - *2/2  - 4*^ 

wbere  is  the  effeetise  dawsuash  at  the  xear  qaarter-ebord  poiat.  Also 

- “«  • ’4*’  (a-») 

Wbere  is  the  effective  dowiniasb  at  tbe  add-cbord  point.  It  also  follows 

tbat 

Pl7e“^^  . . «<*)  (2.lfi) 

and 

(P-  - -i-  J4*^  ♦ 4*^1  C2.17) 

Ibe  lift  and  ■oaeat  per  unit  span  can  tbea  be  written  as 

t . -2»/)7b  jc(k)w^*^  ♦ ^ (2.1B) 

Hj/k  - -ar/»  Pb*  |{»^e)  - l4*b  ♦ ^ ♦ 4*^)}  ^2.19) 

It  is  tbes  seen  that  both  tbe  lift  and  the  aaaest  depend  only  on  tbe  lalnes  of 
tbe  effective  dowoMsb  at  the  rear  qoarter-cbord  point  s«>d  at  tbe  adi>^<ord 
point,  lote  that  this  conelasion  refers  to  the  ecsfclaatlon  of  both  cire*''*"**^ 
and  non-elreulatonr  terns. 
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8.  3ke  eonstnietiaii  of  tte  two-llfttng-liae  aodel  can  now  be  aam- 
Ined.  It  Is  dear  that  the  cborteiae  points  chosen  fbr  dawmiash  aatlslsettoo 
should  be  at  the  dd-cbord  and  rear  qjuarter •chord.  3he  renalnlng  reqatreaeBta 
which  the  eosstractlon  ahould  satisfy  are  the  foUowlsg: 

(a)  Vbr  the  wing  of  Infinite  aspect  ratio,  the 
■odel  shoaiU  give  tbe  esnet  reswlte  for  lift  and  noaent. 

(b)  In  (Oder  that  the  wake  construction  for  the 
aetaal  aoiel  and  the  wing  be  Identical,  the  sun  of  the  clr- 
cnlatloBB  of  the  two  llftli^  lines  should  equal  the  wing 
elreulatian  at  eadi  station. 

In  the  Intereste  of  setting  vgt  a eoavotatlonal  pi-oced»re  of  greatest  aljiidlclty, 
the  additional  restriction  will  be  Introduced  that  the  positions  of  the  lifting 
lines  do  not  chsage  as  the  redneed  frequency  k of  the  oscillation  changes. 

9k  best  locations  fbr  the  lifting  lines  wonld  appear  to  be  those 
which  are  exactly  correct  for  the  tso-dlaensianal  wing  In  ateady-atate  flow# 

If  tbe  discrete  vortiees  have  the  intensities  and  , where 


ead  7^-/2*b‘V  , 


and  are  located 


at  X > ^ and  x > ^ , the  equations  to  be  satisfied  i 


/I  ♦ - 2y[4*Vv] 

^i/(^  - 0)  ♦ §2  • 0)  - .2jr[i4*^A] 

4'«5i  - 4-)  ♦ ^2/(52  - -f)  - -2r[wJ*Vj 


(2.ao) 


(2.21) 


(2.22) 


Ihese  three  eqnstlons  hswe  four  tudmcwns  ( , ^ ); 

henee,  one  inkaown  nay  he  set  arbitrarily.  Ibr  eoapntatlonal  convenience,  tbe 
location  of  I2  is  sat  iaternedlatc  to  the  points  of  downwash  satlsfactioB, 
i.e.,  ^ > l/h  . It  then  follows  by  ellnlnatlon  froa'SqB.  (2.20)  throng 
(2.22)  thst  is  detecslned  by 


m'  - .SI 

or,  since  1l|^  - for  stesd;r~stete  floe 
with  ^2  * ^ ^ 

h 

i.e.,  the  forwsra  lifting  line  dioiild  be  loested  along  the  fozwerd  one-el^tfa- 
chord  line. 


_1_ 

2 


{243} 


Shout  the  uncariiered  profile,  and 


9>  nth  the  locations  of  the  liftlng>llnes  snd  the  points  of  don- 
wash  satisfSetlan  fined,  it  is  now  possible  to  proceed  with  the  constmetioB 
of  the  tMO-llftlsg-llne  aodel  fen*  the  oseiUsting  wing-  Ihls  coastmctlas 
will  be  aeeoaplliAed  in  a fsshiot  analogous  to  that  naed  earlier  for  ntahlish- 
Ing  the  slogle-llftlng*line  aodel. 

Cnnstdrr  first  the  tso-dlnenslonal  wing.  Ar  a total  bound  clreala- 
tlon  wshe  construction  and  wake  Indnetlon  are  discussed  in  Bef. 

Ibe  partion  T^/F  of  the  wake  can  be  Inaglned  to  be  associated  with  the  for- 
ward lifting  line,  and  the  portion  can  be  associated  with  the  rear 

lifting-line. 

As  in  Bef.  b,  for  oonputatioiial  caarenienee,  the  wake  coa^cHkents  are 
to  be  extended  19  to  the  lifting  lines  tfaeaselves.  9iis  aist  be  done  in  such 
a fashion  as  to  preserre  the  proper  wagnitude  of  the  wsike  vorticlty  at  all  points 
behind  the  wing  trailing  edge.  At  a distance  f behind  the  trailing  edge,  the 

actual  wke  wortlclty  is  Ikre"^  e^*^*  .♦  Jow  let  and  be  rearwud 
coordinates  with  origins  at  and  r2  , respeetlweljr.  Bxtendlng  the  wake 
19  to  then  gives  a Torticltp  distribution  of  Ik  ^ -7/b)^i*^ 

the  wdte  eoqpaaent;  extending  the  wake  vp  to  I2  gives  a vartlcltf  distrl- 
tetlon  of  ik  -3A)a^***  for  the  wshe  eosponent. 

Aroa  isf . b,  the  aeredysaade  dowswash  velocities  sad 

St  i « 0 and  i * I/2  , respectively,  due  only  to  the  wake  are: 

Due  to  wake  et  x - 0 , 


T&^BrfTTsT 
vac  St  9b-29 


-lb  - 


. ll»“G(3kA)  * * 


{a-asJ 


Bae  to  vake  at  x > 1/2  > 

Ill^/T  - C(5k/k)  * (2^ 


AnaloeDiialT, 

Doe  to  vake  at  x > o 

Hgjy,  - Ike**  GlJk/h)  - Jfge**^*  (2^) 


Doe  to  ^2  = V2  > 


Hgg/y  - Ik  • e**/^  - G{kA)  • /a***^^  (2^) 

vbere  G(tt)  is  defined  by  (2.37). 

■ext  coaalder  the  doniwaak  toe  to  the  Fx  and  llftlag  lines. 
In  order  to  eonatrset  tbe  aodel  in  aodi  fastaloa  that  the  tao-dlaeiialoaal  air- 
foil theory  is  exactly  di^licated,  it  vUl  be  foond  Beeeeeary  to  vlti^ljr 
tbe  and  inductions  by  tte  aexi-evirical  factor  2 . r{k}  . Him 
tbe  dowtansb  coBtrlbations  V|q  , etc.,  of  tbe  lifting  lines  (bound  vortieity 
contrlbotions}  at  x > 6 and  x > 1/2  are  readily  fonadated  as: 


Sue  to  at 

Sue  to  at 
Sue  to  J2  at 
Due  to  at 


i - 0 : - ne**^*  fz^Cs/^)} 

i = 1/2  : - ne*^*  {2t(5/4)| 

i - 0 : - Be*"**  /g/  ^2»C-l/k| 

X - 1/2  : . Be****  J^|2y{l/k)| 


(2.29) 

(2-38) 

(2.3L) 

(2-32) 
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9ie  eqaaticH  atrrernlag  the  coDstPoetlon  of  the  tvo-dlmsioinLl 
oacillAtliig  vlBg  Bodel  ire  then 

*1  * ^ " (2^4^  * i^Vv  (2.a) 

J{V3)B  ♦ Ik  • ■ C(3kA)J  4 /g  ♦ ik  • a"'  . G(-1^)J  - 2»  • l4*^A 

(2.3k) 

f — r ~ 1 (g) 

i(k/5)®  + Ik  • - G(5k/k)  + ♦ Ik  ■ e®  • G{k/k)r  » 2Tt  • 

(2.35) 

wtere 

^(k)  = _i-  jaf  ^ (k)  - (k)  (2.36) 

(2)  (2) 

and  ^ are  teakel  fuxKtIons  of  tbe  second  kind.  Tbe  function  G(tt) 

Is  defined  by  tbe  relation 


G(tt)  = - |ci(u)  ♦ I 8l(n)  ♦ I waJ  (2.37) 

abere  SI  and  Cl  are  the  *slnas  integralis'*  and  "coslnos  intesralls"  func- 
tions, respectively. 

Equations  (2.33)  through  (2.35)  are  three  Inhoaogeneoos  equations  in 
tbe  Three  unknowns  n , , and  ^ as  evident  algebraic  naalpulatlim, 

tbe  three  equaticxis  can  be  converted  Into  a qoadratlc  in  n , of  tbe  fom 


+ 


0 


(2.38) 


where  the  coepTlclenta  , c^  and  c^  are  each  functions  of  both  k and  the 
ratio  * Bence,  the  n roots  of  the  quadratic  are  Ulewlse  dependent 
on  these  paraaeters,  l.e.. 


(2.39) 
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It  Is  wr  H'Bjossft  thst  tte  ISetor  i stnrs  tlw  ssas  in  tte 

tM>-linii«>llBt  ttooty  ttat  tks  fsetcr  a(k}  • asms  in  tte  slagli- 

Ufttat-Uns  «taaB7*  9m,  tl»  Itetar  i is  isteoauesd  stan  tte 

IsnaMk  4h  to  tte  tenni  inrtieitar*  Mm  sssIysiiiB  a sing  of  iaflaite  aq^eet- 
ratio  I7  tte  tao>llftlni-ains  noisl,  tte  saset  rssolts  of  tsD-tteBasionsl  oseU- 
lafttag  wing  tteory  sill  te  4^glie■tad. 


I boMioB  k snft  OP  tte  ratio 


a gBssi-sarfSea  t|^  eoasideratioa 


into  tte  teo-Uftiag-linB  praeeaurs;  tlds,  of 
tte  aatora  of  tee  eosstgsetton  of  tee  tkaory* 




rse,  is  to  be  ei^eeted  fron 


■ote  also  that  tte  ratio  is  dateminad  by  tte  local  eaoter 


of  rotation  in  yitek  of  aaeh  sing  station,  lenea,  tor  design-offiee  use,  a 
ttealatioa  can  ba  yesfarad  of  n aalnas  fte  earioos  k and  also  for  varions 
sing  rotation  oactars.  Depandiiig  on  tte  node  shape,  this  canter  of  rotatioa 
■ay  enry  all  along  tee  apan. 


finally,  it  is  to  be  noted  fronlq.  (2.39)  that  tao  ralaea'of  n ve 

ealenlatad  for  aneh  k and  eotelaation.  te  k — *0  , one  of  these 

salsea  sill  approach  sad^,  shila  tte  oteer  sill  qpproach  aero.  Qaly  tte  foener 
is  a physically  adalasfbla  n valse,  and  this  only  ahonld  be  used,  typical 
SBlnea  of  a , ealenlatad  for  pore  translatory  sing  plunging,  are  etewn  plotted 
Ts.  k la  Fig.  3* 


10.  It  is  SOS  possible  to  ootliae  tte  dooble-liftiag-liae  procedure 
for  a finite  sing  of  azbitrary  plaafone.  tte  discrete  horseshoe  sortex  is  once 
again  saed  as  a baais  for  tte  calcnlntion,  me  a neana  of  sii^lifyiag  tte  pro- 
eetere.  Borseshoe  sortises  are  placed  along  the  1/6-  and  5/B-chord  lines,  as 
shosa  sehaaatieally  in  fig.  k.  ftar  ooneanlenee,  all  tte  horseshoes  are  sade  of 
agaal  qaa,  and  tte  dosaeate  aatiafSetion  pdats  are  taken  at  tte  horMSboe  aid- 
spna  stations,  tte  sate  for  each  hoa'seshoe  is  eoteosnd  la  tte  emm  aanner  as 
la  tee  preceding  Sertian  9 analysis,  and  tte  indnetion  doe  to  eate  sortex  is 
ealealatad  by  addiag  that  tee  to  tte  sate,  plus  a tines  tte  inteetioa  doe  to 
tte  eoucentrated  bo«d  sortiei^.  tte  aanaer  of  coagaitliig  tte  doasaash  at-a 
point  on  tte  sing  tee  to  each  horeeeboi  sortex  is  outlined  in  detail  in  Appendix 

n. 


slties  be 


■os  let  a 
I be  used  a] 


horseshoes  be  used  along  tte  l/8-ehard  line,  and  let  n 
ng  tte  5/8'ebard  line.  Let  ttelr  bound  vortlcity  inten- 

and  , reapeetlsely.  text,  define  tte  follos- 

nee  eoefficl»ts: 


1IADC  ts  5k-29 


/ 


$/8  ebord  line 


aAcfeardUw 


Tig.  ^ - flth— rir  lajrtwrtitToo  of  BorsMte*  Tbrtax 
ta-  Bn*l*-Lim]«-ilae  aaary. 

(Xhe  hf  Ty  dots  az«  poUto  at  anw— rt  nttiCaeUoa.) 
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(u) 

If 

rs 


n 


* influeoce  coefTicient  relating  Btreogth  of  Vouad 
vortielty  at  l/S-efaord  at  atatlon  to  dovn- 


,(12) 


(21) 


(22) 


wash  at  1/2-etaard  at 


,th 


station. 


Influence  coefficient  relating  strengtb  of  bound 
Torticixy  at  l/8-cbord  at  r—  station  to  down 
wash  at  3/Whord  at  s^  station. 


influence  eoeffielent  relating  strength  of  bound 
wortlclty  at  j/S-chord  at  r—  station  to  down- 
wash  at  1/2-cbard  at 


-th 


staticHt. 


inflnence  coefficient  relating  strugth  of  bound 
▼orticlty  at  $/8-ehord  at  r—  station  to  down' 
wash  at  3/^-ti)Ord  at 


.th 


station. 


Sien,  if  is  ^ geoaetrie  dowosash  of  the  wing  at  the  l/2-ehard  line  at 


station 

station 


and  V. 


2s 


is  the 


the  unknowns  Ti. 


etrlc  downwash  at  the  line  at 

and  are  detemined  by  the  as  equations 


,.(«) 


£ 


r»l  r=«l 


£ 


(21) 

Vs 


.lo)t 


Jg)  _ (12)  r 1,^  _ ^ (22)  p l.>t  > . . . 

^ «^Z_*rs  >ir*  ♦^Z-’Vs  U*  ( 


r*l 


r*l 


• « 1»  2. 


(11) 

the  calculation  of  the  influence  coefficients  Vw..  , etc.,  in- 

rs  ' ' 

WDlves  the  aaae  complexities  as  encountered  earlier  when  vith  the  Ti^ 

of  the  single-liftlng-llne  theory.  Appendix  II  outlines  a procedure  for  cal- 
culating these  coefficients  on  the  basis  of  aatheaBtical  functions  already  tabu- 
lated elsewhere , plus  certain  readily  tabulated  new  functions . Ibr  design-office 
nse,  e eo^lete  tsbulation  of  the  function  would  be  essential  for  coo- 

wenient  nse  of  the  netbod. 
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11.  IblloHlog  cslenlataaK  of  tbe  1^  and  fra«Ei{s.  (2.^), 
It  roMlat  to  ealeulote  tbe  •paarlot  distribution  of  vlxg  lift  snd  pitching 
— ant.  Is  done  tbroo^  use  Sqs.  (2.lB)  sind  (2.19). 

(o' 

M m fsrtlculsr  ststion  r , the  effective  dsseonsh  velocities  %> 

end  ’ «*  first  calealstsd.  l&eBe  clesrly  depend  only  on  the  vslnes  of 
aai  st  thst  stetion.  Ihoa  the  discussion  lesding  to  Iqs.  (2-3^) 
end  (2.33) j it  is  seen  thst 


Substitution  tsT  end  In  Eqs.  (2.18)  and  (2.19)  yields  the  loesl 

values  of  L sad  . 
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ir..  fumm  amusis  ra  mt  wnc  kiels  aid  a cagMiana 


V 


I.  In  order  to  apprelee  the  •eenraeies  of  tfae  nrioos  floite-upeet- 
retlo  aerodynnle  theorlea,  flutter  eneljaes  were  eoadaeted  tar  nine  aodel  ulnae. 
Bach  of  the  wdel  wlnga  wwe  flutter  tented  In  a wind  tunnel,  no  that  eaperl- 
■ental  flutter  ^eeds  and  frequoKlea  were  avallaible  for  eonaarlson  with  the 
ealeulated  walaen. 

The  wings  dealt  with  are  all  of  the  half -span,  "inage*  type,  l.e., 
the  roots  of  the  nodels  were  nouated  Into  a plane  tamel  wall.  The  aspect 
ratios  quoted  in  this  report  are  not  for  the  actual  nodel  wing,  but  are  twice 
as  large,  representing  the  nodel  pins  Its  auxiliary  "inage*  half,  lienee  the 
aspect  ratios  correspond  to  full-span  wings  fluttering  In  sjnnetrleal  flutter 
nodes. 


or  the  nine  wings,  four  are  of  the  seni-rlgld  tjpe,  l.e.,  the  airfoil 
la  rigid,  and  Is  hinged  at  Its  root  by  neans  of  elastic  s{sli^  pemltting 
flapping  and  pitching.  Two  of  theae  four  wings  are  unswept,  while  the  renaln- 
Ing  two  have  h3*  sweep-back,  and  are  derired  trtm  the  unssept  nodels  by  airily 
rotating  then  by  tj* . 

The  reaalnlng  five  wings  are  of  the  elastic,  cantilever  type,  and  were 
■ounted  80  as  to  be  rigidly  built-in  at  their  roots . Ihese  wings  have  sweep- 
backs  ranging  between  0*  and  . 

All  of  the  nine  wings  are  of  the  "unifora  wing"  variety,  l.e.,  all 
have  uzMhanglng  Inertial,  geowetrlc  and  elastic  properties  over  their  entire 
span. 


A general  description  of  the  nine  wing  nodels  la  given  in  Thble  II, 
and  a detailed  listing  of  the  nodel  paraartera  if  given  Is  Thble  in.  Bote 
the  aspect  ratios  for  the  nine  wing  nodels  range  fRm  2.3  to  as  high  as  8.1. 

Bote  that  the  ninth  wing  actually  eo^rlses  three  wlM  tomel  nodels, 
■os.  9,  9a  and  Sb.  The  paraneters  far  wing  Bo.  9 are  those  of  a ■>del  achedUled 
^or  test  at  the  tine  theae  calculatlxcia  were  undertaken.  w sub- 

sequently lost  daring  the  tests  prior  to  obtaining  any  flntt^  data.  Vlngs  Baa. 
9»  and_9b  were  to  replace  Bo.  9,  but  their  parawtera  were  cMnged  slightly. 
Also,  for  the  latter  wlnga,  a second  bending  node  unfortainbely  close  to  the 
fondaaental  torsion  frequency  nade  Its  appearance.  (Sec  later  dlBcuBslon) 
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max  u 


Model 

I 


2 


3 


5 

€ 


CSBBM.  aSCRimOM  OF  BB  MJK.  WDCS 


Oeaerel  Deeerlptlon  ead  Befterence 

Model  deeerlbed  In  OSAT  Mew  Bep.  ISKAC3-i^59$-2-5  (Kef.  10). 
Unni^t  uniform  wing  model  with  eonstent  chord  and  of  the 
aeml-rigld  type.  Location  of  flapping  azla:  O.1563  ft  In- 
board from  wing  root;  location  of  twist  axis:  25)1  of  chord, 
measured  from  wing  leading  edge.  AS  = 6.1. 


Beference:  same  as  fbr  Model  lo.  1.  Model  has  45*  sweep- 
back  and  la  of  the  unifosm,  aemi-rlgld  type.  Model  Bo.  2 
la  derived  from  Model  Bo.  1 by  rotatlcxi  of  the  latter 
through  45*  about  the  normal  to  the  bending  and  torsion 
axes  at  their  point  of  Intersection.  Wing  tip  is  normal 
to  the  leading  edge.  AB  * 4.1  . 


Model  described  in  OSAF  Mew  Bep.  TSEAC5 -4591-5-1  (Ref.  U). 
Qnswept,  uniform  wing  model  with  constant  Chord  and  of  the 
seml-rlgld  type.  location  of  flapping  axis;  0.3333  ft  in- 
board from  wing  root;  location  of  .twist  axis:  35)1  of  chord. 
AB  > 6.2  . 


Reference;  same  as  for  Model  Bo.  3.  Ifcdel  has  45*  sweep- 
back  and  Is  of  the  uniform,  semi-rigid  type.  Obtained  by 
rotation  of  Model  Bo.  3 through  45*  In  the  same  manner  as 
Model  Bo.  2.  Wing  tip  is  normal  to  the  leading  edge. 

AR  s 3.1  . 


Model  described  In  BACA  Bes.  Mew.  L50C15a,  June  I95O,  (Bef  .lB)de- 
noted  there  as  Model  152A.  Model  is  a uniform,  unswept 
wing  of  the  elastic  cantilever  type.  The  wing  is  rigidly 
built  In  at  the  root.  AB  ° 4.0  . 


Model  described  in  BACA  fcch.  Bote  2121,  June  1950,  (Bef.  12), 
denoted  there  as  Model  14a.  The  model  has  45*  sweep-back 
and  is  of  the  uniform,  elastic  cantilever  type.  Wing  is  of 
constant  chord  and  is  rigidly  built  in  at  the  root.  Wing 
tip  is  parallel  to  the  main  flow.  AR  = 4.0  . 
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xnu  IZ  (Coneltided} 


MoOel 

7 

8 

9 

9a,  9> 
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General  Peaerlptlon  aM  Befereace 

■odel  deierlbed  In  l*Cft  fecb.  lote  2121  CSef  • aenoted 
there  u Nodel  13*  Kng  la  of  tte  nalfan  elaatlc  eantl- 
lever  tjrpe,  hu  30*  aeeep-baek,  ani  has  a ving  tip  parallel 
to  the  atreaa  direction.  JtR  - t.O  . 


Model  deacrlbed  In  MCA  Bech.  lote  2121  (Sef . 1^,  denoted 
there  aa  Nodel  221.  Model  la  of  the  wlfora,  elaatlc 
cantilever  type,  haa  15*  aeeep-baek,  aad  has  ita  wing  tip 
parallel  to  the  atrew  direction.  JB  > t.O  . 


Model  deacrlbed  in  Stqppleaental  Agreeaent  S 2(53*321)  under 
the  preaent  contract,  denoted  there  as  txaiple  Mo.  3*  Visg 
la  of  the  nnlfom,  elastic  cantilever  type,  with  strean- 
vlse  tip,  and  t5*  aaeep-back.  AR  « 2.5  . 


Modele  slailar  to  above  lo.  9,  and  described  as  Models  in 
and  IV,  respeetlTely,  in  WADC  letter,  SCtST,  1 July  1953, 
present  contract. 
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49.2  60.2  73.64  64.53  201.5  339.3  303.0  320.0  — l30.a  136.1 


TASLl  111  (Coaoluted) 


TIms*  ar*  MBSUTAd  oouplad  frcquanolss*  Tte  third  oeaplsd  frtquaaoiaa  for  BodalB 
9a  and  9b  ara  S30.i>  and  rada/aae,  raapaotlvaly.  nia  iiodo  la  aaaantlally 

aaeond  bandlnc* 


2.  All  Of  tbe  flatter  anelTseB  acre  eoaducted  oa  « tao  degree-of- 
fieedMi  basla,  e^loyiag  the  fundaaeDtal,  neoivlsd  wing  tendlag  end  funde- 
■estal,  nneoivled  vlag  tonlon  Bodes  as  the  ■eanrallxed  eoardiaates.  Stnee 
tbe  vlage  had  been  choeeB  so  that  the  fre^Mdes  of  all  higher  aodes  are 
sell  bhove  tbe  freqnoKJca  of  these  fundeaeBtal  aodes,  ^ use  Of  a tso  degree- 
of-freedoa  atialTsls  is  Jsstlfiahle.  (As  already  Bentioned,  this  eonditiOB  sss 
violated  throng  error  la  Ifadels  9a  and  9b.  See  later  disaisaiaa.) 

Ihe  node  shapes  for  the  elastic  eeatUever  aodels  sere  not  deterained 
eaperitentally,  but  sere  Instead  arrived  at  by  theoretical  caleslation.  She 
sings  being  usifOrB,  tee  ab^pes  la  q^stioa  aerely  carrespond  to  tee  funda- 
antal  bending  aode  and  tbe  fund  ear  ntnl  torslOB  node  for  a nniftem  bar. 

Bstlaates  of  tee  eoefficlcBts  appropriate ' for  tee  various 

sere  sopplled  by  tee  sponsoring  agency,  after  inspection  of  tee  aodels, 
or  sere  deterained  by  aetaal  decay  testa . 

Since  all  of  tee  flutter  analyses  are  based  on  Ineoapresslble  air 
forces,  a correction  for  eo^iresalbility  effects  is  required  before  coaparlsoo 
can  be  nsde  betseen  tbe  calculated  and  espertnental  results . Ihis  sas  done 
on  tee  basis  of  tbe  ffaadtl-Olauert  rule,  in  the  Banner  outlined  in  tCet.  2. 


3.  In  the  interest  of  brevity,  tee  detailed  ralnilatffBS  for  the 
varioos  analyses  are  not  presented  here,  fcsever,  the  following  leanrks 
outline  tee  asawer  in  shleh  they  sere  carried  out. 

The  eolations  of  notion  sere  derived  in  conventional  fateion,  in 
tbe  BBsser  outlined  by  teUg  and  yasseraan  (lef . 2)  for  the  unssept  sing, 
and  by  ^ielhog,  Kttis  and  Ibney  (Bef . I3)  and  Bettis  (Bef . 3)  for  the 
swept  slag.  The  nnniljiwali  treateents  in  teese  referenees  are  all  based  on 
teo-4iaeBslonal  strip  theory;  when  a differeat  aerodynsaie  theory  is  employed, 
tee  geserallsed  forces  in  Befs . 2,  3 and  13  awt  be  reinterpreted  accordingly, 
the  necessary  theoretical  changes  are  evident  and  need  not  be  dealt  with  in 
detail  here. 

In  tee  sork  shieb  foUom,  when  reference  is  nsde  to  tbe  *tso-dlBen- 
slonal  strip  aeteod”,  it  is  ii^lled  thet  tbe  serodynaaie  treatatnt  in  based 
on  tso-dlBensianal  strip  theory,  tbe  strips  being  taken  in  tbe  streaasise 
dlreetlaB.  The  ealeulstlosal  procedures  are  described  in  detail  la  Befs.  2, 

I and  13. 


Ibe  natures  of  tbe  "Wasseraan-Bel  esnu  * and  "Vasaensui-Biot” 
aerody—le  treataents  are  outlined  in  Appendix  Z.  fits  tso  differ  ofily  in  that 
the  forner  usee  tbe  Belssner  theory  (Befe.  f end  6)  to  detemlne  (F  -t-  fS}^  , 
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ttat  latter  aakaa  aae  of  tlie  Biot-Boahalata  tteory  (Itef . 14)  ftor  tills 
tetnalBatlon.  Ihe  imer  la  tUch  these  aeio^asade  spproaelies  are  intro* 
teed  Into  the  flatter  aualyoia  is  discussed  in  iigeiidts:  Z.  In  both  cases 
the  steals  three -diaenslonal  eireulatioo  dlstrlheticBS  uore  calculated  by 
the  Welasiager  aethod  using  13  pointa  acrosa  the  i^on. 

Considerti*  next  the  ”sisgle-liftl«-llae  aethod",  this  Is  obsloinly 
baaed  aendyasaieally  on  the  theory  glTea  in  the  preceding  necticai  of  this 
r^pirt.  ftv  the  naeries,  te  wing  spaa  (nbieh  egsala  tsiee  the  actual  spaa 
ta  the  half-iaage  aodela)  nas  dirided  iato  elesea  egual  iacrcaents.  d discrete, 
oeciUatiag  taoreeshoe  vortex  nas  enployed  vithia  each  of  these  elem  spanviae 
intemla,  and  the  donismsh  eetisfaetioa  points  ncre  cboaen  at  the  aid>^pan 
of  each  iaterval.  Ibis  affords  eleven  points  of  downsash  eatisfaetiao,  equal 
la  notiMr  to  the  nunher  of  nortlees  employed,  lote  that  the  eential  domnnsh 
point  then  falls  at  the  exact  nld-apan  of  the  ning.  Ihe  dowash  Influence 
coefficients  for  the  single-llfting*lise  nethod  sere  calculated  in  the  nenner 
described  in  Appendix  II . 

In  carrying  out  the  aerodynanie  analyeea,  advantage  use  taken  of  the 
eyMetrleal  character  of  the  flatter  nodes.  By  syaetry  cansldentlom  it  is 
evident  thst  the  Intensities  of  eseb  pslr  of  "In^p"  vortices  are  equnl;  hence, 
only  the  intensities  of  six  of  the  eleven  horeeshoe  vortices  require  evalue- 
tlon  by  solution  of  alailtaaeoae  equatlcas. 

Once  the  spanrlee  dlstributiom  of  lift  and  pitching-acaent  sere 
evaluated  for  each  of  the  generalized  coordinate*,  the  technique  of  flutter 
amlysls  aas  carried  out  la  the  Ref.  2 Banner. 

finally,  for  the  doohle -lifting-line  calculations,  eleven  diecrete 
horseshoe  vortices  of  equal  span  were  distributed  along  the  one-el^ith  chord 
line,  and  eleven  eqaaL-span  vortices  were  distributed  sl<»g  i,he  five-eighths 
terd  line.  The  doamsh  laflneiice  coefficients  were  calcnlsted  according  to 
the  Appendix  11  fonalae. 

In  evaluating  the  bound  vorticlty  IntGiBltleB,  sfwetry  eonsiderstlons 
peraitted  the  nuter  of  etsnltaneous  equations  reqrjiring  solution  to  be  reduced 
fron  tMdy-two  to  twelve.  Boaetheless,  it  is  evident  that  calcnlstlaas  by  the 
two-liftlag-llne  approach  are  tedious  and  require  that  autoaatie 
techniques  be  enlisted  for  convenience. 

V.  A suMsry  of  the  results  of  the  flatter  analyses  for  the  niw 
wings  U given  in  Kbles  If  hnnflll.  the  first  two  tables  list  the  calculated 
and  e^qperiaental  flatter  speeds  and  freqneneles,  whUe  T^le  VZ  and  fZZ  give 
the  ratifls  of  the  calculated  and  observed  values,  table  rmr  lists  tl»  coigKted 
and  esperinental  reduced  ^eeds  V/b  . 
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ctnpolBtsd  from  MbdtX  9 rssults  •mubIbc  V/Bu^c  at  flutter  rewiaa  eonstaat  for 
both  aodela.  lot*  that  If  thla  taehnlqua  is  applied  to  the  two-diMnsional  strip 
valuaa,  than  fc»  Nodal  9b,  V ■ (l68.9)(2l6.Uy(2liO.O)  - 191.8  ft./sac. 


144.5*  - - - ..  136.1 

135.7** 


A typie«l  tor  wlag  5,  ts  ■kom  la  IS«.  5. 

Aapaa  for  atag  arc  gtfaa  la  fig*  6,  khlla  nga>  7~12  iraaaak 
torn  rasalts  of  tbe  ini  niljMlr  ealaalatioea  for  Model  3 eccordlag  to  koth 
tl»  Biagle-aa&-daMble«Uftlag  Uae  ttanrira. 

Qnae  5 naalta  are  fairly  tjvlaal  of  tlie  aarioaa  aiag  eal> 
ealatioBa,  and  flga*  $-13  »*  latcadad  to  glaa  aiaaa  pfeyaisol  laaltft  lato 
tte  ^uaeter  ot  tte  aarodpaade  parforaaBee  t€  ttaa  vlag  aeecffdlag  to  the 
siagLa-aad-doable-llftlag  liaa  ttearlaa. 


Aa  aaalyala  of 
figa.  $-12  la  left  for  tta 


eoBelaslQaa  laileated  Iqr  Ittlea  IV 
aaetioa  of  tha  report. 


vniaad 


I aot 
la 
aarlta 


$ . k aord  at  wplaaatloa  la  la  order  as  to  algr 
flatter-aaelyiad  on  tbe  teals  of  all  the  aerodnale  ttecries 
ttae  atter>  Vte  prograa  aas  started  with  tte  ate  of  avalastlag 
of  tte  Masaarasa  procedaias  tp  flattar-aaalyxlag  Models  l-£  kp 
aloosl  strte  tteorp,  aad  tp  tte  Waaai  iw-Mlot  asd  Maaaanaa-Salaaaar  jro- 
asdarcs.  mmi*  Bare  oadv  aagr,  tte  alagla-llftlag-llBa 

appcoaeli  aas  developad. 

Ite  sltete-Uftlte'ltee  tteorp  aas  aot  QpUed  to  Models  lA, 
ateee  gaeatloa  ted  arlsaa  ragardlag  tte  aatore  of  tte  floa  la  tte  root  region 
of  tteae  saad -rigid  alag  nodels,  aad  tee  aeearacp  of  eonaaatloaal, 
type  flatter  aaalpsas  aas  open  to  arpaatot. 
staSied  kp  tte  BBS  tteorp,  Mteds  7-9  telag 
trials  ateaad  proalae. 


, ww.  $ saifiaera 
after  tea  praltsdsarp 


Ilaallp,  atea  tte  dotele-Uftlte-ltee  tteorp  aas  drfclopad,  oalp 
Modal  $ aas  aaalpaed  prior  to  eonelaslon  of  tte  progran.  flds  aodal  ms 
teoaen,  slaea  It  ms  felt  that  tte  Initial  e^loratloa  of  tte  tteorp  ahoald 
te  teaed  oa  an  msaapt  alng. 


TTT- 


1.  Id 

Baalyals,  tte  appraisal 

r*s  point  of  alsr, 
flnfctsr  apaadst 
Intaiast  to  tte  praetislag 
tear  evldama  of  tte  lipialaltHtp  of  a 
lastaaees  as  tte  plwalag  of  fUgMt-flatter 
in  atetter  tte  flnttar  ayaad  eorralntlan  Is 
tte  caliialatsd  aad  olisarmd  flatter 


I aarlta  of  tea  aarloaa  nateods  for  flnttar 
be  mda  fron  too  standpoints:  Vint,  froai  tte 
d glees  closeat  oorralsklon  alte  tte  cx- 
ms,  oteloaslp,  is  tte  erltarlon  of  aoet  pressing 
or  aanaadarp  laportaaee,  mlaily  as  fdr- 


aettedaai 
I lateraet 


I for  am  la 
Is  also  osnterad 
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A aeeood  tests  for  evslnstlon  Is  fros  s aore  researte-aladed  stsod- 
polst  and  eentsrs  arond  tte  choice  of  a aetetd  which  heat  dcKrlbed  the  details 
of  tte  physical  phenw  Involved  In  the  flctter  ■ectealsa.  la  tte  present 
stadles.  It  la  felt  that  tte  Inertial  and  elaatlc  partlcna  of  tee  ■echanlan 
are  iaserlbed  with  good  accuracy;  hraee,  tee  tearacter  of  the  results  should 
he  indicative  of  tte  aueeees  achieved  hy  tte  various  nethods  la  deacrlhlng  the 
nerodynanlc  pteaea  of  tte  problea.  In  geaeiel.  It  Is  to  he  eipeeted  that  the 
quality  of  tte  flutter  predictions  will  throve  as  tte  aerodyasadc  treataent 
hecBues  aore  nearly  tteoretlcally  valid,  aai  it  Is  Interestii^  to  analjrze  tte 
present  findings  to  determine  whether  they  caedTlrB  this  expectation. 


2.  Before  proceeding  with  the  evaluation  of  the  worte  of  the  var- 
lona  flatter  analysis  aeteods,  it  should  be  recognised  that  ccaclnsiona  are  to 
he  based  on  a ctavarlaaa  of  calculated  and  o^erlaental  flutter  data;  hence, 
tte  accuracy  of  tte  latter  is  of  cardinal  l^psrtance.  In  particular,  the 
aerlt  of  a calenlated  valae  of  flatter  speed  or  frequency  test  he  appraised 
hy  eotevlvou  with  the  dteerved  valne  plus  or  nlnua  tte  appUcahle  range  of 
uncertainty  of  the  experinental  neasureaests . 

In  the  case  of  tee  nodels  dealt  with  here,  there  Is  every  reason  to 
believe  that  the  various  test  agencies  used  both  care  and  shill  In  constructing 
tte  test  Iteas  and  In  carrying  out  the  flutter  tests.  Bence,  tee  accuracies 
of  tte  chservatlons  are  undoubtedly  represesUtlve  of  tte  very  finest  of  cur- 
rent test  practice. 


3«  It  Is  not  pertinent  to  exanine  tee  results  shown  in  Ihbles  IV 
tfamgh  VUl.  As  a starting  point,  consider  tee  imswept  wing  ncdela,  l.e.. 
Models  1,  3 and  3. 

Models  1 and  3 vere  analyzed  only  by  the  two-dlnenalaaO.  atrip 
nethod  and  hy  the  two  variations  of  tte  Waaaeraan  procedure;  Model  3,  on  tee 
o^ter  hand,  was  analysed  cs  the  basis  of  all  of  the  aerodynanlc  theories  treated 
in  this  study. 

Consider  first  the  results  obtained  from  tvo-dlnensioavl  strip  theory. 
Par  tte  unswept  wings,  tee  predicted  flutter  speeds  are  always  eanservatlYe . 
l.e.,  sre  always  lower  teen  the  observed  values.  This,  of  course.  Is  a desirable 
featere  for  a design  proeetere,  providing  tte  degree  of  eonserwtiisa  is  not 
large.  For  Models  1 and  3,  the  extent  of  eauaervatlsa  It  on  tte  order  of  5 per 
cent,  while  the  flutter  ^eed  prediction  for  Model  5 appears  to  be  about  10  per 
cent  low. 

The  flutter  freoaency  predictions  by  strip  theory  for  fcdels  1 and  3 
an>ear  to  be  definitely  lx,  by  soae  10  - while  a surprlsiigly  close 
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frequeasi  prediction  la  acMered  for  Model  3> 

Ttaming  next  to  tlie  tuo  Waasennn  proeeAxreB,  it  is  seen  tbst  the 
flutter  speed  predietloas  are  all  uncopservatlve , l.e.,  too  hidl>-  It  will 
becoae  apparent  in  tlw  later  discussion  that  this  is  an  undesirable  charac- 
teristic Of  Tlrtually  all  the  flutter  predictions  based  on  the  finite  aspect- 
ratio  aerodynaalc  treataents.  Coaparlng  the  two  MSsseraan-type  aethods,  it 
is  clear  that  the  Uasaerasn-Belssner  variant  la  saperlor  to  the  Hssserasn-Blot . 
FOr  Model  3,  the  Hasaeiaan^lssner  flutter  speed  prediction  Is  about  3^  hl^ 
(unconaerfstive),  while  the  Model  1 and  3 predictions  appear  to  be  aoae  10  - 13)1 
hl^. 

As  regards  flutter  frequency^  the  Wassexaan  procedures  appear  to 
result  la  better  agreeaent  with  the  ohserred  values  than  does  the  two-diaen- 
Blonal  strip  aethod.  On  the  other  hand,  aoat  of  the  predictions  lie  outside 
the  ran^  of  experiaentsl  uncertainty. 

Bie  Model  3 esleulstlon  based  on  the  single -lift  lag  theory 
^peara  to  offer  a all^t  i^moveaent  over  the  Maaseraan-llaiBaaer  calenlation, 
both  with  regard  to  flutter  speed  and  frequency,  although  the  speed  prediction 
oantlnnea  to  he  undesirably  nneonservative . It  la  pointed  out  In  Bef . 4 that 
the  principle  advantages  of  tills  theory  should  arise  in  the  treataent  of 
sharply  swept  wings,  and  this  will  be  borne  out  In  the  later  discussion. 

Because  of  the  tedious  nature  of  the  associated  nuao'les,  only  one 
wing  was  analyzed  on  the  basis  of  the  two-llftlng-Une  theory,  this  being 
Model  3-  She  results  show  s definite  laprovenent  in  flutter  speed  prediction 
over  all  the  other  flnlte-aspect-ratlo  cslculatloos , the  flutter  speed  being 
In  errcK’  by  about  Jft,  although  on  the  nneonservative  side. 

On  the  other  hand,  the  flutter  frequency  predicted  by  the  two-llftlng- 
Une  p.-oeedore  is  soae  13^  low.  This  result  la  a disappointing  one,  and  is 
discussed  In  aore  detail  later  in  this  section. 

As  a general  conelnslon  the  preceding  resolta  tend  to  indicate  that 
design  office  flutter  analyaea  of  unswept  wings  sbould  e^loy  two-dlaenslonal 
strip  theory  In  preference  to  any  of  the  finite  span  flutter  theories  tried 
here.  Stls  aethod  is  a well  known  one,  la  relatively  sisple  to  apply,  and 
also  affords  results  of  good  secnracy  and  aoderate  conservatisa.  It  la  In- 
teresting to  note  tbst  this  conclusion  aerely  conflras  general  practice,  which 
la  based  on  the  broad  experience  of  aany  design-office  analysts. 

k.  Having  exaalned  the  unsvept  cases,  it  Is  next  of  Interest  to 
inspect  the  results  for  the  aost  highly  swept  wings,  l.e..  Models  2,  k,  6 and 
9.  all  with  k5*  sweepback. 
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An  exaaimtion  of  the  flutter  predletlocs  for  Models  2,  6 and  SM 

shous  at  once  tliat  tlie  use  of  two-dineasloDal  strip  theorr  for  Aarply  swept 
wln^  Is  fenerallT  unsatisfactory.  Vlth  regn^  to  flutter  speed,  tte  results 
for  Model  2 are  aatlsfUctoiT,  but  the  predictions  for  Models  b,  S,  and  9b  are 
conserrative  to  tbe  unacceptable  extent  of  acne  JS^.  the  flutter  fre^ieney 
predictions  by  this  Method  are  also  poor. 

Considering  next  the  VasseraMn>Belasaer  results.  It  is  seen  that 
flutter  speed  predictions  on  this  basis  for  tbe  b3*  swept  wings  tall  in  tbe 
range  of  fron  80  • 120^  of  tte  experlnentdl  seines.  fOr  Models  2,  b,  6,  tbe 
recorded  flutter  speed  errors  are  iB^,  -b^  and  -l8^,  respectively.  Ibe  flut- 
ter freqfoeney  errors  for  tbe  saae  aodels  are  -20^,  and  respectively. 

Ibe  excellent  predictions  of  both  flutter  Q«ed  and  frequeaoey  fbr  Model  b 
would  appear  to  be  eolncldestal;  In  general,  application  of  the  Ibaseman- 
Selssner  technique  to  sharply  swept  wings  does  not  seem  proalslng  (see  later 
discussion) . 

Tbe  second  Uassemaa  variant,  naaely,  the  Vaaseman-Blot  Method, 
also  does  not  appear  to  give  results  which  agree  with  the  experlnental  cbaer- 
vations  with  any  consistency. 

Turning  now  to  the  slngle-Ufting-llae  theory,  calculations  are 
available  for  Models  6 and  9.  For  Model  6,  both  the  speed  and  frequency  are 
predicted  vlth  excellent  accuracy.  For  Model  9,  the  agreenrnt  between  cal- 
culstions  and  tbe  Models  9a  and  9b  experineats  la  not  good,  but  this  nay  not 
be  dtae  to  Incorrectness  on  tbe  part  of  tbe  aerodynanic  tbeory.  la  already 
noted,  tbe  aecond  bending  nodes  for  Models  9s  and  9b  have  frequencies  close 
to  tbe  first  torsion  node.  Bence,  for  accuracy,  a three  degree-«f-f^doM 
analysis  nay  he  required,  whereas  tbe  {absent  results  are  for  only  a two  de- 
gree-of -freedoa  treatwent. 

In  order  to  cheek  tbe  validity  of  two  degree-of-freedoB  ealeulatlona 
for  Model  9b,  personnel  of  the  Dynawles  Branch,  Aircraft  laboratory,  HASC,  eon- 
dneted  two-dlMenslonsl,  strip  theory  calculstioas  taking  Into  account  (a)  only 
the  fbadaaental  bending  and  torsion  nodes,  and  (b)  the  first  two  sensing  aodes 
plus  tbe  fUndanentsl  torsloa  node . Tbe  results  of  these  ealculatloBS  are 
shown  In  Tables  IT-TIII,  sad  tend  to  Indicate  that  neglect  of  tte  second  bend- 
ing node  SB  a degree -of -freedon  does  not  lead  to  aerious  error.  Menee,  the 
opinion  expressed  in  tbe  preceding  persgrapb  asy  be  unduly  pesslnlstlc . 


5 . An  exaalnatlon  of  Models  7 and  8 Is  now  of  interest.  Model  ^ 
has  30*  sweepback.  Using  two-dlaenslonal  strip  theory,  the  csleGlated  flutter 
speed  is  approxlwately  35>  conservative.  This  Is  in  general  accord  with  the 
results  obtained  for  the  k5*  swept  wings.  Cn  the  other  hand,  single - 
liftiag-liae  theory  yields  quite  excellent  flutter  speed  prediction,  although 
disappointing  flutter  frequency  estlnation. 
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■atel  8 Ms  15*  ssHfMek.  Bgr  tsD-dlanslossl  strip  tMorr,  s 
20^  f!  nsssrwtlTS  flattsr  spsst  Is  prsdletsd,  lUls  Ms  flutter  frsteB^ 
prMlrUas  Is  aeemte  «lthtB  tM  rssas  of  itiwi iislsl  uaesrtelotgr.  Ita 
slagls-llfkliig-liBB  teeory  slsss  rssnlte  Mieli  sne  It^  imeaaservstiw 
ia  flatter  spied,  sad  MIM  an  9^  la  error  la  flatter  freqaeacy. 


6.  It  la  teas  sea 
ergMit.  iTgBS  SMltet  tee 
seept  alags.  Also,  tote  teai 
dlcttoas  aUeh  an  giearelly 


froB  tte  sscpt  alag  stedles  test  a eoanrlaBiag 
■c  of  teo^dlaeaBloBtL  strip  theory  for  sharply 
«a  proeeteres  agpesr  to  lead  to  enratie  pre- 
asatlsfeetory. 


the  slagle-ltfUite-llBe  theory  Ml 
sharply  seept  vtagt,  as  is  iaileated  hy  tee 
sfsr,  ceea  alth  this  tenry,  tte  flatter  fti 
sisteatly  aatiafaetory. 


to  offer  aost  i^oMse  for 
te  for  Models  6 aai  J.  low* 
y predietioos  an  aot  con- 


?•  Finally,  cmstder  the  aarlooa  aesodpBaaie  tmateeate  firoa  the 
point  of  vlea  of  their  theeeatieal  aerlt.  Ite  MMsensn  proeedores  an 
clearly  acai'Otel'l^t  •>  !■  evident  fToa  the  lniniHT  I dlscnaslaa.  Menee, 
they  an  difficult  to  ^praise  on  punly  ratloaal  groonds . 

As  regards  tee  tao-dteensioial  strip  netted,  this  la  characterized 
hy  aegleet  of  the  aerodpaaalc  iater-aetloa  he  tans  tte  vtatleity  patteras  at 
etad  bteiai  the  various  ali«  stations,  A.e.,  each  vlag  statioa  "sees*  a teo> 
dlaensicaal  (infinite  spaa)  vorticity  dlstrlhatioa.  It  is  to  he  eipected 
that  this  approach  vlU  lead  to  the  greatest  error  for  sharply  sw^  alngs 
(see  Bet.  t},  and  the  present  results  confira  tela  ia  convlneiag  faahloo. 

Ob  the  other  hand,  fOr  wnsaept  wings  of  aodente  to  large  aapect>ratlo,  the 
errors  will  he  sasller,  and  ia  feet  appear  to  be  within  the  range  of  the 
required  design  office  accuracy. 


Ihe  slngle-liftlag-line  theory  was  developed  to  have  particular 
applieBbility  to  sharply  seept  wings . For  such  eases,  it  has  a generally 
ratloaal  fonadation.  On  tela  haals,  tee  astlafaetocy  agreeaent  ia  predicted 
flutter  apeeda  hy  tela  aeteod  for  Models  6 and  7 la  sot  aurprlalng.  Bowever, 
tee  poor  agreeaent  la  flutter  frequency  fcr  Model  7 la  aurpriaing. 


Ihe  dotele>liftlag>liae  theory  Mould  he  tte  aost  theontlcally 
astisfaetory  of  ell  the  aethods  dealt  with  in  this  prograa.  However,  the 
Model  5 reaclte  do  aot  appear  to  bear  out  tela  espeetatltm,  and  because  of  the 
elaborate  natun  of  the  calealationa  nqulred  for  tte  aetbod,  only  tela  single 
case  could  be  attested. 
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An  odditjr  of  tlK  latel  5 ealenlatloB  ly  tbe  doi*l«-lirui«.Iliw 
tteorjr  i»  wortlijr  of  special  acation.  As  Is  well  kaown,  the  ctMracteisUe 
roots  of  tlK  stability  (flatter)  deteralaant  for  a two -degree  •af-fteedoa 
analysis  are  two  la  oodier.  £t  the  aetbod  of  flatter  aDalysls  e^Oofed  in 
Ahis  stari^,  tbe  reduced  speed  T/fett)  la  used  as  a earlable  paraaeter  la 
daterafalag  tbe  aalues  of  the  deteralaant  eleaeate.  A plot  of  tbe  ttsnc- 
terlstle  roots  as.  */bcrf  ttas  yields  tao  disUset  stability  "brsaAes", 
and  oae  of  these  braaebes  leads  to  tbe  flatter  coalition. 

It  was  noted  that  the  dodble-llfting-llBe  ealcnlations  lead  to 
flatter  along  a different  1iiaai.ti  than  do  tbe  ealcalatlons  by  all  tbe  other 
aetbods.  gtla  resulted  la  "dsAling  back"  of  the  ws.  g plot,  idiich 

Is  u naiiaail  beharior  for  a alag  beadlag-toraioa  flatter  case.  Bw  reasons 
for  this  conld  not  be  rcsoliai,  alttam«b  special  effort  was  aade  to  iaeare 
that  the  dEMhle-Uftlag-liae  eoa|iutations  are  free  froa  error. 


8.  An  esaalaatlaa  of  Wga.  7-12  is  nos  rf  interest  as  a aeaaa  of 
eoi^arlag  tbe  predicted  aero^naalc  perforaanee  of  an  unswept  wing  oa  tbe 
hasU  of  the  aingIe-aad-dosUe-liftii«.liae  tbeorics. 

Mgs.  7 and  8 show  that  tbe  aagaitudes  of  the  ^anwiae  distrlbutloB 
of  wing  ctoeulatlon  for  tbe  heading  and  torsion  nodes,  aecordl^  to  the  two 
*l»ari*a,  do  not  differ  greatly.  This  is  to  be  generally  eapeeted.  Qa  tbe 
ottiffhB^,  pwUcul^ly  for  the  torsion  aode,  anhed  phase  dlffexeaeea  between 
the  tao  eirculatioa  distrlbaUoas  are  encountered. 

spanaise  life  distrllnitians  for  tbe  two  nodes  as  shown  in  Figs. 

9 and  10,  shnr  substantial  dittarenees  when  calculated  by  tbe  tao  aetbods. 

^ **«*«■  tip-unloading  than  does 

•ne  one-liftlng-llne  procednre. 

th.  ^ spanaise  aowit  distrlbutbm  for 

^ “ “^“^Iwted  ffeoa  tbe  two  theories.  Tbe  differeaces  betaeen  tbe 

^ ^ *lth  the  theoretical  «rpect.tlon. 
ttlstal^lng  to  n^,  boee^r,  how  the  agre«.t  la  calcul.t«l 
*’'!  * ****  as  tae  wing  tip  regtaa  is  approached. 
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^ a*  - w^)  (1.2) 


»<  ■ »—  ■ 


'1  V 


2»-y 


tl.3) 


«Ae«  C,^  U the  12S|1  Uft-eorffletort-.lope  of  the  «ii«,  F Is  the  Is. 

^ *■  **“  *«“  « the  St.* 

tte  root,  ie  the  Isteeed  aoMMh  at  the  root  arlal^  trim  P , Md 

/7,  ▼ here  the  oheloos  heflsitlOM. 


V,  la  Uaa  vlth  I*.  (la). 


that 


2ir  iB  ■»  2 


U-M 


®**  he  eoaeUcred  aa  tteaa  aaaatioaa  la  tte 

n-  . r,  their  «a-tl0.  laad,  tTthTr^  ^ 


h 2 


(*.5) 
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Ml  - , 


M ttet  tte  crigiml  vlag  !• 


8 S 


ttet  if  «te  erltlMl  vlac 

to 


M olL^tii,  Vmm  ■«.  (X.5)  «0iil8 


It  !■  of  ftr 
alt  ma  U 


JL--L- 

8 8 9/ 


latamt  to  aoU  ttet  if  tte  coaaitla  of  tta  mow  lift  por 
iMoa  tj  ttw  ooaSlttaB  of  tte  na  tetol  lift  froa  ttm  vlag 
rta,  thn  It  eaa  to  Aon  ttot,  for  oil  vUgit 


* 


(i^) 

Uo  trtUm  m tte  1m1«  of  Bg.  (X^), 


8)  8tQ  ^ • ■oeoaw  lo  wem  wm.'  *i>  Mm  of  tte  rooolto  aorlfod 
la  otter  trootaioti  of  tte  oat  proklaa.  Mar  osagpla,  tte  aark  of  teloaatr 
CBbTo.  5,  6),  oUte  fouoa  a aoro  n«c*oa  Ua  of  roasoalag,  aajr  te  o^ployod 
b tte  paaat  ota^r,  tte  wort  of  telaaar  aad  of  Blot  aaA  Botealaia  CBef . 1^) 
la  Btlllai  for  tte  atap  to  te  teaertta*  tera. 

altb  elraolatloa  iiatrllmtla  eor- 


alag  te 
t aa  te 


» aaB  for  aa^  raiaaad  flfoqaaey,  a anrofarlate  (F  ♦ tSjj 
vlttout  ilfflealt^.  Mr  a datallad  iHaaaaia  at  ter  thla 
haaaraa'a  ortciaal  trataaat,  Baf . 1. 


Kbla  of  (F  ■»  40)3  a.  Ml  n.  ratoatd  fteqpaaay  can  aov  te  pra* 
for  aaap  rafOraaea,  m that  for  aar  telaa  of  "affeetlaa  aapoct  ratio* 


eaa  te 


■UC  B 


•)  8feip  5 - Irtvolag  BOW  to  tte  JB  dlitrlbation  dstenlMa 
•loai  Iko  viiig  ifOB  1b  atqp  i.  Bad  for  uteh  rcdueed  ftoqtaeaejr  of  iatareat, 
tte  ipaartaa  distrlbatiOB  of  (f  -i-  30)^  la  aoa  tetarBlnaa  ty  BaaBa  of  tha 
tablBBof  Btap  h. 

Sba  (F  ♦ 10)3  itatrltontioB  ao  (Molaad  la  Ukb  naad  la  plaea  of 

t!»  aaBaoratB  C(k)  fetloB  In  tlw  aanatloBa  for  tha  tap-dlBaBaUBiBl  air 
fBgeaa.  tta  air  foraaa  eoivatad  oa  tlda  baala  ara  uaad  la  tha  flaltar  aaalyaia. 

f ) Stap  6 - Xt  la  arldaBt  that  tha  pneaitnt  Hthod  ftr  darlrliV 
(F  ♦ , and  haaea  tha  air  foreaa,  la  atraljrtfoniard  nhaa  tha  ratio  H // 

la  laaa  vmn  cm.  Inwam,  It  la  alao  poaalMa  to  obtala  aalaaa  oT  tha  //f 
ratio  1*1  eh  ara  graatar  ttaa  ana.  Igaatloo  (lA)  tbaa  laada  to  aagatlre 
dl  aalaea,  which  ara  ohvlOBBlF  aot  adalaalhla. 

fltadar  ttld  elreBBtaasa,  BaaaaTBin  aanaata  ttat  tha  ratio  g jf 
ha  taihaa  aa  tha  traa  ratio  of  clrcalatlcai  for  tha  oaelUatory  eaaa. 

daothar  diffleaUF  la  tte  aathod  arlaaa  whaa  t la  aato.  Xa  thla 
awaat,  calealata  F , Aara  la  tha  tao-dlBaaalonal  elrealatloo  at 

a ahoaaa  rafaraaea  atatloa.  Biaa,  (yA)/(  ^ takea  aa  tha  ratio  of 

tha  ladoead  dowBBaah  to  tha  elreulatory  dowMBwah  at  thd  rafaraaea  atatloa,  h 
halag  lha  local  aoBl*ehQrd  la  each  eaaa. 

It  la  to  ha  aotad  that  a aoparata  air  force  dataralBatlaB  la  ragolrad 
for  cmSk  wlag  aoda  of  labacaat  aad  for  each  rahKid  fragoaoey.  loamr,  ooea 
the  ataady-atata  clrcalatlaB  dlatrlhatiOBa  are  calsulatad,  the  r— liiilai  of  tha 
vroeaaa  hacowa  alipla  aad  direct,  aad  doea  aot  lavolra  aagr  Uborioaa  aolutloaa 
of  aata  of  Blaultaaaoaa  agaitlcma,  aa  la  the  eaaa  of  tha  aore  rlgoaoaa  aatbodO 
of  ealralatlon.  froa  tha  folat  of  view  of  dealvMffloa  praetloa,  the  Waaaer- 
aaa  yracadara  la  aa  accapt*la  one.  ■owevar,  aalaea  It  eaa  ha  eoaelaalvaly 
daaoaatnted  that  wry  auparlor  accuracy  eaa  ha  achlavad  through  thalr  uaa,  tha 
aora  ngoroua  aethoda  aaat  he  claaaad  aa  l^pracUe;;!  hacaaaa  of  the  eoaaldenhia 
Ubor  they  aatall. 
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1.  Ir  fein—  if  I ftrt  ia  Ut.  k.  It  — W.  rtwwi 

ttat  tkB  AonMah  lafeMsai  fey  a raataagalar,  aatlTlatln,  honaalDa  Tortaa 
vitli  kooBd  elreolatioa  aaA  apM  2f  la  glvaalgr 


- [i^  4^  i^]  a**^*  (nj.) 


abara  dMcrlbaa  tta  tadastioa  Ana  to  tta  coacaateataA  taaBi  vortaz  fU«< 
■aat,  aal  1^  Aaaarlbaa  tha  finwiaaai  arlaiag  trm  tta  aaht  tnlllai  ba> 
klM  tta  bonaft  aortaz. 

Oalac  tta  eoorilaata  ayatf  Aboaa  la  Pl<.  Ik,  tka  aalaa  of 
at  a yolat  {x,  j)  eaa  ba  aboaa  to  afoal 


♦ 


(11.2) 


itere 


Ibe  aalaa  of 


nw  ■ [ 

«2b)-| 

la  fta 

■A  to  ba,  for  \j\<^. 

1 

H , « 

.uj,-ikz  ♦ x)]  ♦ r 

♦ 1 

^>7)i2(z) 

[k{^.  jr)}  ♦l[k{^4y]j 


(n.3) 
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n<.  14  - SchoBtie  Dlagraa  of  Vortiel^  Associated  VI th  a 
Bectangnlar,  OaclUatlng,  lorsesboe  Vortex. 
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vliile  fcr  1 xl  > ^ , 

▼k  » i ^ ♦ 


f*  - X*  (^  ♦ X^iW  (^  - xJBgW 

*““{»[k(x  ♦^)I  - »[k(x  -’?)]  ♦■[k(y  ♦?)] 
-■[k(x-7)}j  (n.%) 


iht 


F[k?]  is 


Clesls  ftaetlaa 


l(ki;)  > f l-i-  ♦ -i_  - ± dA  (U.5) 

i lk'5  ^ ;j(k<5) 


sad  ■ [k^]  Is  s rtlstsd  Issc^lete  fascUss 


St;)  . f°  - h‘.i.bS)t 
C.  P act;) 


iUJ6) 


2.  tts  assner  sT  arrlTlag  at  tka  strodraute  isflasase  eosffleiMits 
, ftr  tks  slsgls  aad  iaftle  liftisi  lias  Itaerlss  Is  acw  anriiaad  froa  tbs 
dlsraaslna  gi^aa  la  tks  kodx  of  tka  raport,  aii  froa  tka  aagraaslaaa  Bqa. 

tftar  aiA  aaslfaUttoa,  tka  coafnalaBt  ea:i  ka  aaat  Into  tka 
foUoatag  flora  ahiek  la  nrswanlant  for  aalcalattne; 


Oa>-UftUa-Uat  aaory 


ft>»4iniM4aje  thwanr 


Btt  follorti*  •tflniUOM  ptrtala. 


"k-ki 

k 

« • */7  ; » 

i 

; tg 


aaA  5 Is  tte  MsUbbs  fam  tks  kooad  vortn  BtA-ifaB  issiwt  to  tts  trsUioc 
s4ai  of  tks  «ia|>  divUsA  ky  tks  local  ssal-kborA.  to  skoon  la  tks  asla  tsxt, 
for  tks  sUgU-llft^cc-llBS  snrosek  8 • 3/Z  akUs  fOr  tks  aBSkls^lifUsc- 
Uas-tkaorr*  8 takto  oa  tks  salass  tA  •>&  3A  oorrstooolto  to  tto  for* 
ward  aai  raswi'd  UfUag-liass,  rsspsstlsaly. 

As  prlaelgal  fsastlca  satcrlag  la  4i[>6)  is  sad 

D . toopplag  tks  stoserlvts,  it  eaa  ko  skssa  tkat 


7/^ 

k|Y.l( 

vMi 


(II.9) 


8Cl*k)  - a"*^ 


||b(l4^)^*ak0(b)  - d<#.k)| 

♦ i ik ir/2  ♦ kTjCk)  ♦ •(gt,k)|J 


{' 


(zx.io) 
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i 


I 


! 


jGIZ|d» 


. ^(k)  ♦ irj(b} 


> (11.11) 


9(k)  - ♦ lot  ab  ♦ / - 1 


Xb  tki  latter  «|Mtiaa«  / U tte  miXl-laam  liUrlBB  Mwtaak  O.S772  **’* 
fl»UX, 


• J |(1  - J)  Jj?  ♦b®  />jd^ 
•(^,k)  • jT  I*!*  A 1%^ 


(noa) 


Xt  la  racofilaBd  ttet  r(t)  la  tta  cc^plate  Ciaala  Itartion  akile 
the  laUfrals  la  0X.U)  are  related  to  the  laeavlate  Cicala  fiwtloa.  VUaea 
of  h/M  » ?x(»)  «i*  0(^}  teee  heaa  tMated  hx  Ube  aad  nerd  (Bor.  15). 
She  lafeacrala  d(ih>h)  mt  B(Cb,h)  are  tehalated  la  a report  hp  Bn(ler, 
Cimaal  aad  lohe  {fat.  ifi).  More  reeeatljr,  ea  eateaalTe  thhle  cC  l(b)  hea  heea 
prifcred  hp  the  Iward  CunBUtlaaa  Uheratoey  (Baf . IT).  It  la  arteretood 
that  thex  heae  alao  thbelatea  the  laUcrala  la  ti.12)  (or  related  oaea). 


■ote  that  the  feaetlon  •((,>)  eoatalaa  ao  alacalarltlea.  Xt  la 
a tao^faraaeter  «BiBllx>  b alow  of  the  aheae  tahlea,  thia  ^Metlfla  aoold  be 
tabalated  oaee  aad  for  aU,  ao  that  for  aax  «lac  caaflMaratlaa  eeaetmetloa 
of  tte  doaoHoab  eoefflrlaata  aould  he  aa  aaax  ■etter.  Xt  doea  aot  appear 
feerthle  to  eonatraet  eharta  for  the  hraatetad  portloa  of  dlraetlx  aa 
thia  la  a tliree.peraaeter  fiallx. 
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tfnoDix  nx 


Xo  ttls  iffwUx,  aa  ontUat  la  tamataa  for  tba  atqa  raqalreA  ftar 
tka  aalcalatioa.  of  tka  apaavlaa  lift  aaA  namt  diatrlbatlaaa  for  oaemwtlin 
fialta  apaa  wlavi  aalag  the  alagla-liftlag-Uat  theory.  Ike  at^  are  aa 
failoaa; 


1.  Beplaee  tka  vtag  by  a ayataa  of  klaereta  koraaakoa  vortleea  aa 
kkoai  la  Fig.  2.  la  the  aotatloa  of  thla  report,  thla  flzea  the  aaloea  of 
*»  fi.  •be.  (8ee  p.  59) 


2.  Chooae  k . 


3.  Coapate  aa  glvea  Iqr  Iq*  (n.9)  for  tte  aalaaa  of  r aaA 
a 4ebanlae4  la  Step  1.  Sote  that  astaerlpt  r refcra  to  aoAer  of  wiag 
vortex  ahlla  aiSiaerlpt  a refera  to  poaltloa  oa  the  three -qaarter  chord  Uae. 


H.  Mar  tte  vL«  aode  of  latcraat,  coapotc  the  total  gBaaetrle  dom- 
aaak  at  the  reqalred  thrae>qoartar  diord  Uae  statlooa . lote  that  for  avept 
«lagi,  la  addltioa  to  eoatrlhatloaa  dee  to  the  vlag  beodiog  aat  toral  a aode 
ahapea,  a turtbrnr  eoatrlbatioa  arlaes  idileh  la  proper  tloaal  to  the  apaawlae 
ekaape  of  the  vlag  beadlag  aode  ah^. 


5.  Fbr  each  foaponent  of  the  peoaetrle  doaueaab  derived  la  Step  k, 
datoaiae  the  a ealnea  of  aa  deflaed  by  the  aat  of  a BleKitaaeooa 

aqaatloM,  Iqa.  (2.3). 


6.  Oaqarta  the  apaavlae  diatrlbatloa  of  eirealatacy  lift  aa  glvea 
by  Bq.  (2.5)  • Bote  that  the  preaaot  theory  aaoaeea  that  reaaltaat  lift  of  aaeh 
vlag  aaetioo  acta  at  the  qaartar  chord,  ttaa  the  aoaeat  aocffielcata  are  tin 
aaaa  aa  their  tao-dlBeaaloaal  aouatarparta. 


7.  Oa^vtc  m-«lfeiiUto(7  im  Mi  nrat  UstrikcOoB  along 
tfet  vlaf  tar  aoA  aoia  *90  of  iatafaat  Mjinytag  tao-ilanHloaBl  atrip 
ttaory.  Iota  that  tta  lift  aata  at  tfea  qpartar  ebord. 


6.  OnMIaa  tta  eizaalatatp  aai  — itroalatwry  lift  aal  naBt 
aoMrSbatlan  to  ftatMlata  tia  total  lift  aai  Min*. 
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